STRONG CONVERGENCE TO THE HOMOGENIZED LIMIT OF 
PARABOLIC EQUATIONS WITH RANDOM COEFFICIENTS 
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Abstract. This paper is concerned with the study of solutions to discrete 
parabolic equations in divergence form with random coefficients, and their 
CO ' convergence to solutions of a homogenized equation, ft has previously been 

Cn ' shown that if the random environment is translational invariant and ergodic, 

then solutions of the random equation converge under diffusive scaling to so- 
lutions of a homogenized parabolic PDE. fn this paper point-wise estimates 
are obtained on the difference between the averaged solution to the random 
■^r ' equation and the solution to the homogenized equation for certain random 

• , environments which arc strongly mixing. 
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1. Introduction. 

Let {n,J-',P) be a probability space and denote by ( • ) expectation w.r. to 
the measure P. We assume that the d dimensional integer lattice Z'' acts on ft by 
space translation operators t^a : $7 — > J7, x E Z , which are measure preserving and 
ly-v , satisfy the properties TxflTy,Q = r^+yfi, tq^ = identity, x,y E Z'^. Wc assume also 

■^ ' that either the integers Z or the real line R acts on il by time translation operators 

CO , To,t : fi — >■ 57, where t £ Z in the former case and i e R in the latter. In either 

^*l ' case we assume that for all t, s, one has To,tTo,s = '''o.t+sj a-nd that the operators TQ^t 

CO . commute with the operators Txfi., so we may set r^.t = Tx_oTQ_t ~ To^tr^.o- 

^^ ' Consider a bounded measurable function a : J7 — > Jid(d+i)/2 fj-Qj^ q ^q i^j^^ space 

of symmetric d x d matrices which satisfies the quadratic form inequality 

(1.1) Xld < a{io) < Aid, w e 17, 

where Id is the identity matrix in d dimensions and A, A are positive constants. In 
the case when Z acts on J7 by operators ro^t, we shall be interested in solutions 
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Cu ' u{x,t,uj) to the discrete parabolic equation 

(1.2) u{x,t+l,uj)-u{x,t,uj) = -V*a(Tj;,tw)V-u(a;,t,w) , x e Z"^, t> 0, ui e fl, 
with initial data 

(1.3) u{x,0,uj) = h{x), xeZ'^,ujen. 

In the case when R acts on i7 by operators TQ^t, we shall be interested in solu- 
tions u{x, i, w) to the corresponding continuous in time, discrete in space parabolic 
equation 

(^4) du{x^t,uj) ^ _v*a(T,,tw)Vu(x,i,w) , x e Z^ t > 0, w £ f7. 
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with initial data (|1.3p . In (|1.2p and (|1.4p we take V to be the discrete gradient 
operator, which has adjoint V*. Thus V is a d dimensional column operator and 
V* a d dimensional row operator, which act on functions : Z^ — > R by 

(1.5) V<j)ix) = {Vi(j){x),...Vd(t>{x)), V^(t){x):^<l){x + ei)-(j){x), 

V*(t>ix) = (V*</)(a;),... VXx)), V*(t>{x) ^ (fix - e,) - cf>{x). 

In ()1.5|) the vector e^ E 7/ has 1 as the ith coordinate and for the other coordi- 
nates, \ <i <d. 

One expects that if the translation operators T^^t are ergodic on J7 then solutions 
to the random equation (|1.2p or (|1.4p converge to solutions of a constant coefhcient 
homogenized equation under diffusive scaling. Thus suppose / : R'' — > R is a C°° 
function with compact support and for e satisfying < £ < 1 set h(x) = f{sx), x € 
Z'', in (|1.3p . and let u^{x,t,uj) denote the corresponding solution to (|1.2p or (|1.4p 
with this initial data. It has been shown in [21], just assuming ergodicity of the 
translation operators, that u^{x/e,t/e'^,uj) converges in probability as e — > to a 
function Uhom(a;,i), x S R'', t > 0, which is the solution to a constant coefficient 
parabolic PDE 

^^_g^ dm,on.{x,t) ^ _v*aHon.VUhom(x,i) , X G R^ t > 0, 

with initial condition 

(1.7) Mhom(a;,0) = fix), x e R'^ . 

The d X d symmetric matrix ahom in (|1.6p satisfies the quadratic form inequality 



(jl.ip . Similar results under various ergodic type assumptions on fl can be found 
in [H El [I2l El] • In time- independent environments the corresponding results for 
elliptic equations in divergence form have been proven much earlier -see |191 120[ I25[ 
[32]. 

In this paper we shall confine ourselves to studying the expectation ( u(a;,t, •) ) 
of the solution u{x,t,uj) to (|1.2p and (|1.4p with initial condition (|1.3p . Our first 
theorem is consistent with the result of |21) already mentioned: 

Theorem 1.1. Let f : IV^ — > R 6e a C°° function of compact support and set 
hix) = fiex), X eT/" in IJ.gj) . For the translation group T^^ti x £ Z'^,t G Z, on il 
assume that one of the operators t^.q, j = 1, ..,d, or Tqi is ergodic on (f2, J^,P). 
Then if AdK < 1 the solution u^{x,t,Lu) of il.^) with initial data lil.3\) has the 
property 

(1.8) lim sup |( Ue(x/e,t/e^-) ) -Mhom(a;,OI = 0. 

For the translation group Tx.t, x G 7/^ ,t G R, on $7 assume that one of the operators 
''e ,0: 3 = Ij-'j'^j or the continuous 1 parameter group Tg.t, t G R, is ergodic on 
iQ,,F,P). Then the solution u^ix,t,u!) of |J.^[ ) with initial data hl.S\l has the 
property 

(1.9) lini sup |( Ue(x/e,i/e^,-) ) - Whora(-T,OI = 0. 

^^^ xi^eZ,'^ ,t>a 

It has been shown in the case of homogcnization of elliptic equations in divergence 
form with randoin coefficients, that a rate of convergence in homogcnization can be 
obtained provided the random environment satisfies some quantitative strong mixing 
property. The first results in this direction were proven in the 1980's by Yurinski 
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[31j . but there have been several papers more recently extending his work. In 
particular, Caffarelli and Souganidis [10] have obtained rates of convergence results 
in homogcnization of fully nonlinear PDE. In recent work of Gloria and Otto |15| 
an optimal rate of convergence result was obtained for linear elliptic equations in 
divergence form. Following an idea of Naddaf and Spencer |23| . they express the 
quantitative strong mixing assumption as a Poincarc inequality. This formulation 
of the strong mixing assumption is very useful when the random environment is a 
Euclidean field theory with uniformly convex Lagrangian. 

For the case of parabolic equations in divergence form with random coefficients, 
we were unable to find in the literature any results on rate of convergence in ho- 
mogenization. Here we shall obtain a rate of convergence, but only for the averaged 
solution to the parabolic equation as in Theorem 1.1, and for two particular envi- 
ronments. For the discrete time problem ()1.2|) . (|1.3p we assume the environment 
is i.i.d. That is we assume the variables a{Tx,f), {x,t) G Z^+^, are i.i.d. For the 
continuous time problem (jl.3[) . (jl.4[) we assume the environment is the stationary 
process associated with a massive Euclidean field theory. 

This Euclidean field theory is determined by a potential V : R'' -^ R, which is 
a C^ uniformly convex function, and a mass to > 0. Thus the second derivative 
a(-) = V"{-) oi V{-) is assumed to satisfy the inequality (jl.ip . Consider functions 
: Z'' X R ^^ R which we denote as (f>{x, t) where x lies on the integer lattice 7/^ 
and t on the real line R. Let Q. be the space of all such functions which have the 
property that for each x € Z'' the function t — > (j){x, t) on R is continuous, and 
J^ be the Borel algebra generated by finite dimensional rectangles {</'(•, •) € fi : 
\(j){xi,ti) - ai\ < Ti, i = l,...,iV}, where {xt,ti) e Z'^ x R, a^ e R, r^ > 0, i = 
1,...,A^, A^ > 1. The translation operators r^.t : O — >■ 17, (x,t) e Z'' x R, are 
defined by Tx.t(j){z, s) = (j){x + z,t + s), z £ Z"^, s G R. 

For any d > 1 and to > one can define [71 I14j a unique ergodic translation 
invariant probability measure P on (li, J-") which depends on the function V and 
771. In this measure the variables <j>{x, t), x £ Z'*, i > 0, conditioned on the variables 
(j>{x,0), X £ Z**, are determined as solutions of the infinite dimensional stochastic 
differential equation 
(1.10) 

d 1 

d(/)(x,t) = -—- V -{V(W(f>(x',t))+m'^(j>(x',tf/2}dt+dB(x,t), a;eZ^,t>0, 

where B{x,-), x G Z'', arc independent copies of Brownian motion. Formally 
the invariant measure for the Markov process (|1.10p is the Euclidean field theory 
measure 



(1.11) exp 



Y^ V{V(j){x))+m^(l}{x)'^/2 



I I d0(a;)/normalization. 

xez<^ 



Hence if the variables 4>{x,0), x G Z"*, have distribution determined by (jl.lip . then 
(j){-,t), t > 0, is a stationary process and so can be extended to alH G R to yield 
a measure P on {n,T). For this measure the translation operators T^^t, {x,t) G 
Z'' X R, form a group of measure preserving transformations on (il, J^, P). 

Theorem 1.2. Let f : IV^ — >■ R 6e a C°° function of compact support and set 
h{x) = fiex), X e Z'^ in U.3\) . Then if MA < 1 and the variables a{Tx,f), {x,t) G 
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Z'*+^, are i.i.d., the solution Ue{x,t,uj) of fl.2]) with initial data U.3\) has the prop- 
erty 

(1.12) sup \{u,{x/e,t/e^-))-Uhom{x,t)\ < Ce'', < e < 1, 

where a > is a constant depending only on d, A/A and C is a constant depending 
only on d, A, A and the function /(■). 

Let a : R — ^ j^d(d+i)/2 ^g ^ (ji j^jh^Hqji Qfi R_ with values in the space of 
symmetric d x d matrices which satisfy the quadratic form inequality il.l]} . Let 
(f2,J^, P) be the probability space of fields </>(•,•) determined by il.lO\) . il.ll]) and 
set a(-) in Jj.^p to be a(0) ~ a(0(O,O)), (j) £ Vl. Suppose in addition that the 
derivative -Da(-) o/a(-) satisfies the inequality ||Da(-)||oo ^ Ai. Then the solution 
u^{x,t^Lo) of {1-4^ with initial data il.S]] has the property 

(1.13) sup |( ^ie(a;/e,t/e^•) )-^thom(x,t)| < Ce", < £ < 1, 

x£eZ'^,t>0 

where a > Q is a constant depending only on d, A/A and C is a constant depending 
only on d, A, A, m, Ai and the function /(•)• 

We consider what Theorem 1.2 tehs us about the expectation of the Green's 
function for the equations (|1.2p and (|1.4p . By translation invariance of the measure 
we have that 

(1.14) (7.(x,t,-))= 5] Ga(x-2/,i)%), xeZ", 

where Ga_{x,t) is the expected value of the Green's function. Setting h{x) = 
f{ex), X E Z'^, then (|1.14p may be written as 

(1.15) {u,ix/s,t/s',-))= [ e-''Gj^^^,^]fiz)dz, xeeZ^, 
where integration over eZ'' is defined by 

(1.16) / g{z) dz ^ Y. ■9(^) ^''■ 

Let G'aho„(a;,t), x e R"^, f > 0, be the Greens function for the PDE pTB]) . One 
easily sees that Gai^^^, (•, •) satisfies the scaling property 

(1.17) e-'^Gah„„,(x/£,i/£^) = Gah„,(2:,0: e> 0, .tgR'^, t>0. 

Hence Theorem 1.2 implies that averages of £~''Ga(a:/£, i/£^) — £^'^Ga,,„„, (a:/£, t/e^) 
with respect to a; € eZ'^ are bounded by G£" for some constant C. Conversely 
Theorem 1.2 is implied by the point-wise estimate on Green's functions: 
(1.18) 

|£-^Ga(x/£,V£^)-£-'^Ga_(.x/£,i/£^)| < ^^^—^^^-^ exp [-7 miu | M , J^ 

provided Kt > e^ and x E eZ'^ . 

It is clear that the inequality (jl.lSp for £ < 1 follows from the same inequality 
for £ = 1: 

C 

r. ,w , — 7777 exp — 7mm<|x,, . 



(1.19) |Ga(x,t)-Ga,_(s,t)| < TTT-^Tnz;^^^V 
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provided At > 1 and a; e Z"^. We shall prove such an inequality and also similar 
inequalities for the derivatives of the expectation of the Green's function, 
(1.20) 

|VGa(x,t)-VGa,_(x,t)| < ,,, , ,iM^,^.w, exp 



[Ai+l](d+l+a)/2 

(1.21) 

|VVGa(x,t)-VVGa,_(x,t)| < ^^^—-^g^^^-^cxp 



"7 nun < \x\, 



\x? 



-7 mm 



At+1 



Af + 1 



Theorem 1.3. Let (J},J^,P) and a(a;), a; G O, fee as in the statement of The- 
orem 1.2. Then for d > 1 there exists a,7 > depending only on d and A/A, 
such that hl.l9\) . hi. 20]) and hi. 21]) hold for some positive constant C . In the dis- 
crete time case C depends only on d, A, A, and in the continuous time case only on 
d, A, A,7n, Ai. 

The proofs of Theorem 1.2 and Theorem 1.3 follow the same lines as the proofs 
of the corresponding results for elliptic equations in jlOj . One begins with a Fourier 
representation for the average of the solution to the random parabolic equation, 
which was obtained in [8]. Then for the i.i.d. environment the generalization by 
Jones [18] of the Calderon-Zygmund theorem [5] to parabolic multipliers, together 
with some interpolation inequalities, yields Theorem 1.2 and the inequalities (J1.19p . 
(|1.20p of Theorem 1.3 in the discrete time case. Similarly to [10] we need to use 
the result of Delmotte and Deuschel [TT] on the Holder continuity of the second 
difference VVGa(a;,i) in order to prove ()1.2ip . In the continuous time case we 
need in addition to prove some Poincare inequalities for time dependent fields. To 
do this we follow the methodology of Gourcy-Wu [T^ by using the Clark-Ocone 
formula |24| . 

2. Fourier Space Representation and Homogenization 

In this section we shall prove the homogenization result Theorem 1.1. The proof 
of this is based on a Fourier representation for the solutions of (|1.2p . ()1.4p which 
was given in [8]. 

We begin by summarizing relevant results from [8] for the discrete time equation 
(|1.2[) . Thus we are assuming a probability space (i7, J^, P) and a set of translation 
operators Tx^t, x G Z"^, t £ Z, acting on J7. For ^ S R'' and ?/> : i7 -^ C a measurable 
function we define the ^ derivative of '0(-) in the j direction 9j,^, and its adjoint 

^Iv by 

(2.1) dj^ii'i^) = e-''''-«^(Te^,o c^) - ^(c^), 

9*^V(w) = e*''-«7A(T_e,,o c^) - ^(c.). 

The d dimensional column ^ derivative operator d^ is then given by d^ = (9i.^, ...., dd.^)- 
Similarly to ()1.5p its adjoint dt is given by the row operator 9J = (9w, ....,d'^^). 
Let P : L'^{il) — > i^(i7) be the projection orthogonal to the constant function and 
r] € C with 5R77 > 0. Then there is a unique square integrable solution ^{^, Vi^) to 
the equation 

(2.2) e"$(e,?7,To,i^)-'&(^,^,w) + ^5|a(L.)a5$(C,7?,w) = -P5|a(c^), 

provided 4dA < 1. Thus there is a unique row vector $(^,77,0;) = [$1(^,77,0;), ...., $^(^5^1'^)] 
with $j(^,?7,-) e L^{VL), j = l,..,d, which satisfies ^^ . Let g(C,??) = [qr,r'{£„v)] 
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be the d x d matrix function given in terms of the solution to ()2.2|) by the formula 

(2.3) qitv) = (a(.)> + (a(.)a5$(^,7v)>. 

We define the d dimensional periodic column vector e(^) G C^ to have jth entry 
given by the formula ej{£,) ~ e^^'^j? — 1, I < j < d. It was shown in [S] that the 
solution u{x,t,uj), x £ Z'^,t ~ 0, 1,2, ..,u! G fl, to the initial value problem (|1.2p . 
(|1.3p has the representation 

(2.4) 

"'-'•"> ^ p^ !„,„ e,-rL(a-,«.,)e(o I' + *«- "• --'"«i « ''• 

where h{-) is the Fourier transform of h{-), 

(2.5) Ho = ^ /J(x)e'«- . 

xeZ'' 

It follows from (|2.4I) that the Fourier transform Gei{£,, ?/) of the averaged Green's 
function Ga(-, ■) for PT^ . pT^ given by 

OO 

(2.6) Ga(e,'?) - E E Ga(x,i)exp[za;.C-r;i] , 

has the representation 

(2.7) Ga(e, ^) = eVie" - 1 + e{0*q{0 r;)e(0] . 

The solution to (|2.4p can be generated by a convergent perturbation expansion. 
Let H(r2) be the Hilbert space of measurable functions t/j : fl -^ C^ with norm Ij-^H 
given by ||^||'^ = ( |V'(')P )■ We define an operator T^^^ on 'H(fi) as follows: For 
any g d Ji, let "0(^7 Vj ^) be the solution to the equation 
1 
A 
Then rj^,,g(.) = d^'ipiO Vi ')i or more explicitly 



(2.8) - [e^ V(C, V, ros^) - Ht V, ^)] + 9|5jV'(C, V, ^) = 5|ff(w) 



(2.9) T^,r,9H = AEe-"<*+'' ^ {VV*GA(a-, t)}* cxphix.^] .g(r,,_t_iL.), 

where G\{-) is the solution to the initial value problem 

(2.10) GA{x,t + l)-GA{x,t)+AV*VGA{x,t) ^ 0, x e Z'^, t e Z, t >0, 

Ga{x,0) = S{x), xeZ'^ . 

Equation (|2.10p has a unique solution provided 4dA < 1, and the function GA{x,t) 
satisfies an inequality 



(2.11) 0<GA(x,t)<^^^^^ip^exp 



nn{|x|, \x\y{Kt + l)] 
G, 



where Grf > is a constant depending only on dimension d. The operator T^ ,, is 
bounded on 'H(f^) with ||T^,^|| < 1, provided ^ S R'', 3?r? > 0. Now on setting 
a(.) = K[Id — b(.)], one sees that (|2.2p is equivalent to the equation 

(2.12) d^HLrir) = PTUH-)di^{i,Ti.-)\+ PTUH-)] ■ 
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Since Hr^.r)!! < 1 and ||b(cj)|| < 1 — A/A, uj £ Q, the Neumann series for the solution 
to ([2?T2|) converges in n{^). 

It will be useful later to express the operator T^_ri in its Fourier representation. 
To do this we use the standard notation for the Fourier transform of a function 
h : Z'^+i -^ C which we denote by h{x,t), x € Z'',t e Z. Letting /i(C,6'), C e 
[— TT, tt]^, 9 e [— TT, tt], be the Fourier transform of h{-, •), then 

(2.13) kC,0) = ^ ^/i(x,t)e"^-^+**-V 

xez'' tez 
The Fourier inversion formula yields 

(2.14) h{x,t) = —1^ [ h{(:,0)e-'--<-^*' dC de, xez^tez. 

(27r)''+-^ J[_^^^]d+i 

Now the action of the translation group Tx,o, a; S Z"*, on J7 can be described by a 
set Ai,...,Ad of commuting self-adjoint operators on L^(ri), so that 

(2.15) /(r,,o-) = exp[ix.yl]/(-), x £ Z^ / e L^iQ), 

where A = (^i,..,yld). Similarly the action of the translation group tq,*, t G Z, 
on il can be described by a self-adjoint operator i? on i^(51) which commutes with 
Ai, .., Ad, so that 

(2.16) /(ro.r) = exp[-^iB]/(•), t G Z, / e L2(^)^ 

It follows then from ((^ . (pi^ . ([^1^ that 

Ae(^-^)e*(C-A) 
gr,-ji3 _ I ^ Ae(^ - ^)*e(^ - A) 

The Neumann series for the solution to (|2.12p yields a convergent perturbation 
expansion for the function q{£,,ri) of (|2.3p . Thus for m = 1,2..., let the matrix 
function h,n{£,, v) be defined for 3^77 > 0, £_ £ R"*, by 

(2.18) /.„,(C,7y) = (b(.)[Pre,,b(.)r>, 
whence ([^ . ([^1^ imply that 

(2.19) g(e,7y) = ( a(.) ) - A ^ /i,„(^,r?) . 

TM — 1 

It is easy to sec that the function q(^, r/) is C°° for ^ G R'^, 3ffr7 > 0. As in [51 [TU] 
we can extend this result as follows: 

Proposition 2.1. Suppose that AdA < 1 and any of the translation operators 
''ej.o, 1 < J < d, 0?" tqi is ergodic on il. Then the limit lim(^^-)_j.(Q g) (/(.J, 77) = 
g(0,0) exists. If any of the translation operators is weak mixing [26| on f2 then 
'?(?, v)j ^ G R*^, 3ff?7 > 0, extends to a continuous function on ^ £ R'', ^rj > 0. 

Proof. We follow the same argument as in Lemma 2.5 of j8] and Proposition 2.1 of 

m- □ 

Remark 1. Note that the projection operator P in equation 112. 2\) plays a critical 
role in establishing continuity. For a constant function g{-) = v G C^, one has 

(2.20) T^^,g{-) = [e{0*v]e{0/[{e^ 1)/A + e(0*e(0] , 

which does not extend to a continuous function of (^, 77) on the set ^ G R'', ^rj > 0. 



(2.17) r^,^.9(.) = -— ;g rTTTH JvTTT^ JT 5(0 
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Next we show that the function qi^,,"!]) with domain ^ £ H'^, dirj > 0, can be 
extended to complex ^ = 5R^ + i5^ £ C* with smah imaginary part. 

Lemma 2.1. The C°° operator valued function (^,?]) — >■ T^,,, with domain {(C???) '■ 
^ € R'', JRt; > 0} and range the space of bounded linear operators B\H{^)\ on H{il), 
has an analytic continuation to a region {{£,,t]) S C'^^ : < Sftyy < A, |3^| < 
Ci^/Wtj/A}, where Ci is a constant depending only on d. For (^,77) in this region 
the norm of T^^rj satisfies the inequality |lTj,,,|| < 1 + C2|3Cp/[5ft77/A], where the 
constant C2 depends only on d. 

Proof. That there is an analytic continuation to the region {^ e C* : < Sftry < 

A, |3^| < Ci -y/3ff 77/A} is a consequence of the fact that |VV*G'A(a;,t)| is bounded 

by (Ai + 1)"^ times the RHS of (|2.1ip . For (C,r]) in this region one has that 

(2.21) 

^[-rj{t + l)-ix-S] < sup[-9^A{t + l) + Ci9\x\]< min{Ci|a;|, Cflx]"^ /AA{t + l)} . 
\e\<i 

Hence using the representation (|2.9p for T^^n, wc see that the analytic continuation 
extends to any region {^ £ C^ : < ^ri < A, |5Cl< Ciy^Wq/A} provided Ci 
satisfies the inequalities Ci < Cj^ , C^ < 4:Cj^, where Cd is the constant in (|2.1ip . 
The bound on HT^.rJI can be obtained from (j2.8p . Thus on multiplying p.Sp by 
■0(^,77, To, iw) we see that 
(2.22) 

Since 4dA < 1 it follows that for ^ £ H'^ the operator / — Adtd^ is symmetric 
non-negative definite. Hence if ^ G R'^ one has that 



-{m^,V,-)\') < -T\i^(^^V'^o,v)[I-Ad*.d^]ibi^,v,-))\ + \{4'{C,V,ro,v)dtgi-))\ 



li i'i^:V,roA-)[I ~ Ad*^d^]i,itv,roA-) ) + ^i i^ii,Vr)[I - Ad*^d^Wi,7^,-) ) ■ 



(2.23) \{ii^,v,ro.i-)[I~^d*^d^]ij{^,v,-))\ < 

Similarly one has that 

(2.24) |(V;(^,r,,ro,r)5|g(-)>l < ^i ^i^,V,rosWA^i^i^'^^^o,v) ) + l\\g{-)r ■ 

We conclude from (|2:22l) - (|2:24| that \\T^^J < 1 provided ^ £ R"^ and Sftr/ > 0. This 
argument can then be extended as in Lemma 2.1 of [10] to ^ S C''. D 

Corollary 2.1. The d x d matrix function q(^, ?/) with domain {{^,r]) : ^ £ 
R , 5Rr/ > 0}, has an analytic continuation to a region {^ £ C : < 5R?y < 
A, |5^| < Ciy^X^rj/A'^}, where Ci is a constant depending only on d. There is a 
constant C2 depending only on d such that for ^ in this region, 

(2^25) ||,«.,)_„»,,„||<£^_^. 

Proof. The fact that q{^, rj) has an analytic continuation follows from the rep- 
resentations p.lSp . ()2.19p . Lemma 2.1 and the matrix norm bound ||b(aj)|| < 
1 — A/A, u! £ n. On summing the perturbation series (j2.19p . we conclude that 
for ^ satisfying |5C| < Ciy/X^r]/A^, then \\qi^,r])\\ < C2AVA for a constant C2 
depending only on d, provided Ci is chosen sufficiently small, depending only on 
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d. By arguing as in Lemma 2.1 we also see that there are positive constants Ci, C2 
such that 



{u,ix/e,t/e\-)) = j,,-,^ I I „..„ ^!'':,.^.,.,. ,.„^„...^ rf[S^]rf^ 



(2.26) IIT^,^ - Tsn^J < CsI^CI/vWA , ^ e C^ \Q^\ < Ci^/W^ . 
The inequahty ^(TI^ fohows from ((2:26)) . D 

It follows from Corollary 2.1 that for ^ € C^, 77 € C with fixed S^ S R'', SRry > 
satisfying < SRjy < A, |5^| < Ci-^/A^^/A^, the periodic matrix function 
(3?^, 377) -^ q{£.,v) on R'*+^ with fundamental region [— 7r,7r]'*+^, is bounded. 

Corollary 2.2. There exist positive constants Ci, C2 depending only on d and A/A 
SMc/i that 

(2.27) |e''-l + e(0*q(e,77)e(OI > C^i h| + A|e(5ie)P] , 

provided < ^r] < A, |3^| < Ci^/^^. 

Proof. The inequality (|2.27p follows from Corollary 2.1 and Lemma 2.7, Lemma 2.8 
of 0. □ 

Proof of Theorem 1.1-discrete time case. Taking h{x) = f{£x), we have from (|2.4p 
that 

(2.28) 

1 f /""/^^ £2j^^^\g-i^.a;+i,(t+e^) 

where 

(2.29) A(C) = ^ £''./(2/)e'''« . 

We also have that 

(2.30) u,,Ux,t) = -—^ m>^^ d[Qr,] d(, 

(27r)'<+i J^d Jr 77 + C q{0, 0)^ 

where /(•) is the Fourier transform of /(•), 

(2.31) /(C) = / f{y)e'y<dy, ^eK'. 

Since / : R'' -> R is C°° of compact support it follows from (P?^ . ((OT|) that 
(2.32) 

sup |/e(0|(l + |Cn'^<«^, sup |/e(0-./(0l/£'[l + len<OO 

0<e<l,4e[-7r/£,7r/£]<' 0<£<l,5e [-ir/e,7r/e]'' 

where A^ in ()2.32p can be arbitrarily large. 

We first observe from (|2.32p and Lemma 2.9, Lemma 2.10 of [5] that 



(2.33) 

/|?|>l/\/A^ 



^/^^, ee-n - 1 + e(eC)*g(ee,£2r;)e(£e) '^^^''^ 



d^ < Ce 



for a constant C depending only on the function /(.) and d, A, A. Since the function 
g(C, 77) is continuous at (C, 77) = (0, 0), we similarly see there exists for any 6 > an. 
e((5) > depending only on S, d, A, A, such that if e < e{6), then 
(2.34) 



^/e g2g),(t+e2) g2gr,(t+e2) 



./e- e'^^ - 1 + e{eO*q{£^. e^T^)e{eS,) e-^" - 1 + e(eO*g(0, 0)e{eO 



dpTi\ 



< 6 
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for all ^ e [-7r/£,7r/£]'* such that |^| < 1/VAe. It follows from (jO^ . ([Q^]) . 
(|2.34p that for any 6 > there exists e((5) > depending only on S, d, A, A, and the 
function /(■), such that 
(2.35) 

sup ( u,(x/e,i/e^•) > - / / ,.„ ^.^1^ , ,,, ,„ ^, , ,, d[-sv] d^ < 6 

xeeZ^tGe2z+ J hu/e^Tr/e]" ./-Tr/e^ e^ '' - 1 + e(e^)*g(0, 0)e{e^) 

provided e < e{5). If we use the identities 
(2.36) 

' d[3r;] = [l-e(£e)*g(0,0)e(£e)]*/^ , 



(2.37) ^ / ^ ,f )^ ^. , d[3r;] = exp[-{rg(0,0)at] , 

we can conclude from (|2.30p . (|2.35p that for any 5 > there exists e{S) > depend- 
ing only on 5, d, A, A, and the function /(•), such that 

(2.38) sup \{u,ix/e,t/e^,-))-uy,o,-n{x,t)\ < S 

provided e < e{S). D 

Remark 2. It is easy to see that if Te .o for some j, 1 < j < d, or to,i acts 
ergodically on J7 then 

(2.39) lim re'*"-ll \\m,ri,-)f = 0. 

In the case of an elliptic equation with random coefficients, the limit corresponding 
to 112. 39\) implies that the solution to the random equation converges in distribu- 
tion to the solution of the homogenized equation |10| . This is not the case for the 
parabolic problem due to the fact that integrand in 112.28]) . when multiplied by an 
arbitrary bounded function ofrj, can have a logarithmic divergence upon integration 
with respect to 3?]. 

In the continuous time case there is a similar development to the above. The 
solution u{x,t,uj) to (jl.Sp . (|1.4p has the representation 
(2.40) 

/i(^)p-»«-^+''* 



(27r)''+^ J[_^^^]d 7_^ ?7 + e(0*g(C, v)e{0 
where now the d dimensional row vector $(^,77,0;) is the solution to the equation 

(2.41) 7?$(e, 77, w) + 9$(^, ^, uj) + Pd*^a{u:)d^^^, 77, w) = -Pa|a(c^) . 

In (|2.4ip the operator d is the infinitesimal generator of the time translation group 
To,t, i € R. The d X d matrix function q{^,r]) in (|2.40p is given in terms of the 
solution to (P^ by the formula ((O)) . It follows from (pTiOl) that the Fourier 
transform Gg^{£^,ri) of the averaged Green's function Ga(-, •) for (|1.4p defined by 

/>oo 

(2.42) Ga(e,^) = / rft ^ Ga(x,t)exp[ix.C-r7f] , 

has the representation 

(2.43) Ga(?, ?/) = l/[ry + e(0*g(e, ^)e(0] , C e R^ 5R?/ > 0. 
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Let G{x,t), X e Z^, t > 0, be the solution to the mitial value problem 

(2.44) dG{x,t) ^^,^^ ^ p^ x€Z^i>0, 

ot 



d 



G(.T,0) = S{x), xeZ 

Then the equation (|2.4ip is equivalent to (|2.12p where the operator T^_^ is given by 
the formula 

/•oo 

(2.45) T^.^g{uj) = A / e""* dt ^ {WW*Ga{xJ)}* exp[-ix.^] g{T.,,^tUj) , 

with GA{x,t) ~ G{x,At), x e Z^,< > 0. Note that in the continuous time case 
there is no restriction on the value of A > 0. The operator T^^^ of (|2.45[) is bounded 
on ^(il) with llTj,,,!! < 1, provided ^ € R'', SRyy > 0, and hence the Neumann series 
for the solution of (|2.12p converges in H{i^). 

As in the discrete time case it will be useful later to express the operator T^^,, in 
its Fourier representation. To do this we use the standard notation for the Fourier 
transform of a function ft, : Z*^ x R ^ C which we denote by h{x,t), x G Z'^,t G H. 
Letting ft(C, 0), ( E [— tt, tt]'', 6* e R, be the Fourier transform of h{-, ■), then 

/oo 
dt Y, /i(x,t)e"-'^+'*^ . 

The Fourier inversion formula yields 

{2A7) h{x,t) = —1^ r [ h{C,e)e-"<-''' dC d9, xeZ',teR. 

Now the action of the translation group t^.q, x € Z'^, on fl can be described by a 
set Ai, ...jAd of commuting self-adjoint operators on L^{il), so that 

(2.48) /(r,,o-) - cxp[ix.A]f{-), x G Z^ f e L^{n), 

where A = {Ai, ..,Ad). Similarly the action of the translation group ro,t, < G R, 
on f2 can be described by a self-adjoint operator B on L'^{n) which commutes with 
Ai, .., Ad, so that 

(2.49) f{To,f) = eM-itB]fi-), t G R, / G L\n) , 

whence the infinitesimal generator d in (|2.4ip is given by 9 = —iB. It follows now 
from (p:i5)) . (p:i5|) . l^lS^i that 

The Neumann series for the solution to (|2.12p -with the operator T^^^ given now 
by (|2.50p - yields a convergent perturbation expansion (|2.18p , (j2.19p for the function 
q{£,,i])- It is easy to see that the analogues of Proposition 2.1, Lemma 2.1 and 
Corollary 2.1 continue to hold for the continuous time case. In the continuous time 
analogue of Corollary 2.2 the inequality p.27p is replaced by 

(2.51) \v + e{0*Q{^,v)em > C[ H + A|e(5RC)|'] ■ 

The inequality (|2.5ip follows from Lemma 5.3 of [5]. 
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Proof of Theorem 1.1 -continuous time case. We proceed as in the discrete time 
case replacing ()2.4p by p.40p and using Lemma 5.4, Lemma 5.5 of [8] in place 
of Lemma 2.9, Lemma 2.10 of [S]. □ 



3. Rate of Convergence in Homogenization 

In this section we shall prove Theorem 1.2 under the assumption that the solu- 
tions $(^, 77,0;) of (|2.2p . p.4ip satisfy a certain property which we describe below. 
In §5 we shall show that this property holds for the independent variable environ- 
ment, and in §6 for the massive field theory environment. We first consider the 
discrete time case, whence $(^,77,^) is a solution to (|2.2p . 

For 1 < p < OD let iP(Z''+-^, C' (g) C'') be the Banach space oi d x d matrix 
valued functions g : Z"^^^ -^ C^ ® C^ with norm j|gj|p defined by 
(3.1) 



l.9llp = sup ^ \g{x,t)v\P a p < 00, ILglloo = sup 



sup \g{x,t)v\ 

(a;,t)GZ<'+i 



where \g{x,t)v\ is the Euclidean norm of the vector g{x,t)v G C^. We assume the 
following: 

Hypothesis 3.1. There exists po{A/\) > 1 depending only on d, A/A and a con- 
stant C such that for I < p < po{A/X), 

(3.2) IIP J2 9ix,t)hiT,,^f)[v + d^^^,r^,T^,^f)v]\\ < C\\g\\p\v\ 

for all ^ e R'', ?/ e C with < SRjy < A, and g e LP(Z'^+i, C* ® C*), v € C''. 

Remark 3. Note from Lemma 2.3 of |Hj that since \\d(^<^{£,,ri, ■)v\\'^ < A|up/A for 
S, € R'', ^f] > 0, the inequality i3.S\) holds for p = 1. Hence if 113. 2\) holds for 
p = pq(A/X), by the Riesz convexity theorem [30j it also holds for any p satisfying 
1<P<Po(A/A). 



We show that if Hypothesis 3.1 holds then the function q{S,,r]) defined by p.Sp 
is Holder continuous with exponent depending on rf, A/A. 

Lemma 3.1. Assume Hypothesis 3.1 holds. Then there exists a > depending 
only on d, A/A and a constant Ca such that the d x d matrix function q{S.,r]) of 
Ii2.3\) satisfies the inequality 

(3.3) ue,v')-q{^,v)\\ < c^A[\e-^r + \{v'-v)/Ar^'] 

for all C, C e R"^, < 5R77', 5R77 < A. 

Proof It follows from (|TT8)) that 
(3.4) 

fc 

h,{e,v'yh,{^,v) = E(b(-) [PTe.,'h{-)y-^ p[Te,,^-re,,]b(.) [PT^,,h{-)]'^-^ ) . 

Hence we conclude from (|2.12p . ()2.19p and (j3.4p upon using the inequality HP^'.r;' il — 
1 that for V eC^, 

(3.5) \MC,v')-qi^,v)]v\\ < iAyX)\\P[T^,,y -T^,,]h{-) [v + d^^i,rj,-)v]\\ . 
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From ([2Jl) we see that the RHS of ([33|) is the same as the LHS of ([3?2|) with the 
function _g(-, •) given by the formula 



^-Tj' t-ix-i' _ ^-r)t-ix-i 



(3.6) g{x,t) = A[VV*GA(x,t-l)]* 

It is easy to see that for < a < 1, the function g{-, ■) is in L^(Z''"*"^, C'^( 
p > (d + '2.)/{d + 2 — a), and with j|.g(-, ■)\\p satisfying the inequahty 



) C) with 



(3.7) 



M;-)h < CpAi-Vp[|e'-er + l(r/-r/)/A|"/2 



where the constant Cp depends only on d,p. The Holder continuity p.3p for suffi- 
ciently small a > follows from p.Sp and p.7p . D 

Proof of Theorem 1.2-discrete time case. We follow the proof of Theorem 1.1 using 
the Holder continuity of the function (/(•, •)• D 

For the continuous time case we prove Theorem 1.2 assuming a hypothesis anal- 
ogous to Hypothesis 3.1. For 1 < p < oo let LP{7j'^ x R, C^ C^) be the Banach 
space of d X d matrix valued functions g : Z"^ x R ^ C^ ® C* with norm 
defined by 

(3.8) 



mp 



llsllp = sup V 



dt \g{x, i)v\^ if p < oo, 



|5lloo = sup 

t)ec<i>|=i 



sup \g{x,t)v\ 

(i:,t)eZ''xR 



where \g{x,t)v\ is the Euclidean norm of the vector g{x,t)v E C^. 



Hypothesis 3.2. There exists po{A/ X) > 1 depending only on d, A/A and a con- 
stant C such that for I < p < Pq{A/X), 



(3.9) 



/OO 
dtg{x,t)h{T,.^^f)[v + d^<^{t7j,T,^^f)v]\\ < C\\g\Uv\ 
-oo 



xeZ'' 



for all C e R'^, f? e C with <^ri <A, andge LP{Z'^ x R, C* ® C^), v e C. 

It is easy to see that Hypothesis 3.2 implies the Holder continuity of the matrix 
function q{-,-) defined by ([23|) . p.4ip . We conclude that Theorem 1.2 holds for 
the continuous time case also. 



4. Fluctuations of averaged Green's functions 

In this section we shall prove Theorem 1.3 under the assumption that the solu- 
tions $(^,77,0;) of (|2.2p . (|2.4ip satisfy stronger versions of Hypothesis 3.1 and 3.2 
of §3. Thus in the discrete time case our hypothesis is: 



Hypothesis 4.1. Let T^^^ be the operate 



the Hilbert space T-L^fl) and 



T^ denote its adjoint. Then for k > 1, P2 = P3 = ■ ■ ■ = Pk = ^, o,nd S^^ri = Tj. 



i,v 



or S^^ri = ^£77; there exists po(A/A) > 1 depending only on d, A/A and a constant 
C{k) such that 



(4.1) 



E 



(a:i,ti),...(a;fc,tfc)GZ<'+i li=l 



fc 

\{g,{x,,t,)T,^.^t,PH-)[I ~ PS^,M-)V 
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provided 1 < pi < Po(A/A) and ^ £ C^, t] e C satisfy < SRt? < A, |3^| < 
Cl^yWr]/A, with Ci depending only on d, A/A. 

Remark 4. Note that from h2.12]) and Lemma 2.1 we see that the inequality CT71) 
holds for pi = 1. Hence if ^4jj$ holds for pi = po(A/A), by the Riesz convexity 
theorem |30| it also holds for any pi satisfying 1 < pi < po(A/A). 

We define spaces LP{[—Tr, •7r]'^+^ x f2, C* €5 C^) oi d x d matrix valued functions 
g : [-7r,7r]'^+i x fl -^ C* (g) C* witfi norm |l.g|lp defined by 



(4.2) 



IP 



aWi = sup 



vec-^-H^i (271") + J[_^^^]d+i 
llfflloo = sup 

ueC'':|i;| = l 



\g{^,Qrj,-)v\-')'>/^d[^v]d^ iip< 



sup {m,^v,-)v\'y/^ 

(5,at7)e[-7r,7r]<'+i, 



We consider ^ £ C^,f] G C witli ^ liaving fixed imaginary part, 77 liaving fixed 
positive real part, and satisfying the conditions of Hypothesis 4.1. For fc > 1 we 
define a multilinear operator Tk.Q^^^n from a sequence [51,52, ■■,gk] oi k functions 
gj : Z'^+i ^ C^ (S) C, j = l,..,k, to periodic functions Tk,ci^,sirj[gi,g2, --gk] ■ 
[-7r,7r]'^+i X n ^ C'^ (g) C^ hy 

(4.3) Tk^ci^^ur,[9i,92,-;9k]{^£.,^V,-) = 

J2 n5,(:^„i,)e-'(^-^«+*^")T.„-*,Pb(.)[/-Pre,b(.)]-^ 

We similarly define multilinear operators Tfe/J^,??!? by replacing T^ ^ in (j4.3p with 
Tj For p satisfying 1 < p < 00 let p' be the conjugate of p, so l/p+ 1/p' = 1. In 
[8| the following result was obtained: 

Lemma 4.1. Suppose 2 < q < 00 and pi, -.-TPk with 1 < pi, ...,pk < 2 satisfy the 
identity 

(4.4) ^ + ^ + ... + ^.1, 

Pi P2 Pk 1 

and for j = l,..,k, the functions gj G L^^ (7"^+^, C^ (g) C^). T/ien there ex- 
ist positive constants Ci,C2 depending only on d, A/A such that if < SRyy < 
A, |3^| < Ci a/5R?7/A, the function Sk,^3iMv[9i,92, -gk] = T'/c,sc-K^L9i:52, ••.9fc] or 
5'fe,Q4,Kr,[5i,g2, ••5fc] = 3\,a5,sR7,[5i,.92, --gfe] is in L«([-7r,7r]'*+i x r2,C'' (g) C^) and 

k 
(4-5) II 5fc,GC,K^[5l,52,-.9fe] llg <Ci\{\\9j\\p, ■ 

If we assume Hypothesis 4.1 we can improve Lemma 4.1 as follows: 
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Lemma 4.2. Suppose Hypothesis 4-1 holds with po{A/X) < 2, and q,pi, ■■■,Pk with 
2 < q < oo, l<pi,...,p/c<2 satisfy the inequality 



, ^ 111 11 

4.6 - < - + - + ... + — < - 

q v\ V2 Pk 1 



1 
1 



2 

1- - 
q 



Po(A/A)_ 

Then there exists a positive constant Ci depending only on d, A/A such that if < 
5R77 < A, |5^| < Ci^/^rj/A, the function -S'fc,s{,sRr, [31,52, --gk] = Tk,csi,diri[gi,g2, --fffc] 
or 5^,35,3?!) [51, ff2,--5fc] =Tk,Q^,U7j[gi,g2,--gk] is in L''{[-tt,t:]'^+'^ xQ,C'^iS)C''-) and 

k 

(4.7) II Sk^3^,u49i,92, -gk] \U < C{k) n Il5,llp, , 

for some constant C{k). 

Proof. We assume first that p2 = Ps = • • • = Pfc = 1, in which case Hypothesis 4.1 
and Lemma 4.1 imply respectively that (|4.7p holds for l/p'i < 1 — l/po(A/A), g = 00, 
and for pi = q ^ 2. The Riesz convexity theorem then implies that (|4.7p holds if 
p'i,q satisfy ()4.6p with p2 = p^ = ■ ■ ■ = pk = I- Next assume for induction that we 
have proved (|4.7I) in the case when ()4.6p holds with Pr+i = Pr+2 = • • • = Pfc = 1 for 

some r > 1. Hence ([iJ]) holds for l/p[-\ 1/p'^ < l-l/po(A/A), Pr+i = I, q = 00, 

where the functions gr+i, --^gk are fixed with Pr+2 = Pr+3 = ■ ■ ■ = Pfc = 1- From 
Lemma 4.1 wc sec that (|4.7p also holds for 1/p'i + ■ ■ ■ l/p^^i = 1/2, q = 2, with 
the same functions 17^+1, ••,5A;- Now wc fix the functions gi, .., (7r,5r+2, ••,3fe with 
p^+i = Pr+2 = • • • = Pfe = 1 and l/p[ + ■■■ 1/p',. < 1 - l/po(A/A) < 1/2. Applying 
the Riesz convexity theorem to the functions .g,+i, wc conclude that (|4.7p holds if 
Pi, --jPr+i satisfies (|4.6p with p,.+2 = Pr+3 = • • • = Pfc = 1- D 

For 1 < p < 00 let LP ([— 7r,7r]''+^) be the space of functions g : [— 7r,7r]'^+^ -^ C 
which are weakly p integrable. The norm ||(?||p,u, of g is defined to be the minimum 
number satisfying the inequality 

(4.8) 

(2^)-('*+i)mcas{(e, ^77) e h^, n]''+' : \g{t 3r;)| > z } < \\g\\l^/zP for aU z > 0. 

Proposition 4.1. Assume Hypothesis ^.1 holds, AdK < 1 and m is a positive 
integer. Then there exist positive constants Ci and a < 1 depending only on d and 
A/A, such that 

(4.9) \\q{e,v') - 9(e,^)ii < cA [ \e - er + iw - r;)/Ar/2 

for < nT],diif < A, ^',e e C* with |3?^| + |3?$'| < CiV^^t^/A , 

where C is a constant. 

If i e C ^, ?7 G C wii/i /ixed 3^ € R'^, ^r] > satisfying < SRr; < A, |9^| < 
CiyWrj/K, and 771 < 1 + d/2, the function 

(4.10) m, 377) -> ^"'^g^'f''^^ (5?C, 3^) e [-TT, ^1'^+^ , 

is in the space ij^([— tt, tt] ''+"'") withp — {l-\-d/2)/{m — ct/2) and its norm is hounded 
by CAi-™+i/P for some constant C. 
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// 771 is the largest integer strictly less than 1 + d/2 and < (5 < 1 + d/2 — 777., 
then for any p € R satisfying \p\ < 1, the function 

(4.11) m. ^^)-'d-^^ 'ir^r- (e, V + ^P)- qr.y {t V) ]/\p\' 

is in the space L^([— tt, Tr]'^^"'^) with p = {1 + d/2)/(m + 5 — a/2) and its norm is 
bounded by CpA^~™~ ''"^'P, where the constant Cp can diverge as p —> 1. 

Proof. The Holder continuity (|4.9p of the function q(-, •) has already been proven in 
Lemma 3.1. We first prove that the derivative (j4.10p with 777 = 1 is in L^, ([— tt, 7r]'^+^) 
with p = {1 + d/2) /{I — a/2) for some a > depending only on d, A/A. Observe 
from ((2l8)) and ((2TT91) that 
(4.12) 

1^) ?(?, V) = -A( b(.)[/ - PT^.,h{-)r' {^^C.'<} ^b(-)[/ - PT^.M-T' ) ■ 

Denoting by [•, •] the inner product for H{fl), we therefore have for tji, 7;2 G C^ that 

(4.13) 

d\ [ ~ 

-^j vlq{£.,v)'"2 = -A |^Ti,Qj,sRr, g{^t^Vr)vi, T'l.se.sRr, h{^^,Qr], ■)v2 

for certain dxdmatrix valued functions (7(x, t), /7(x, t), xE Z'^,tG Z. The functions 
g{-, ■),h{-, ■) are determined from their Fourier transforms (j2.13p by the formula 

(4.14) giC,0)*HC,0) = Aem-Oei-^^i-C)* 

p-J-^e - 1 + Ae(-i3e - C)*e(zS^ - 0] 

which follows from (|2.17p . We take h{-, ■) to be given by the formula 

^ ' ^^'' \d) [e^''-*«-l+Ae(-iSe-Cre(i3e-C)] ' 

where 1^ is the d dimensional column vector with all entries equal to 1. From (|2.10p 

and (|4.15p it follows that 

(4.16) 

/A\^/^ 
h{x,t) = i-\ ld{VGA(a;,i-l)}*e^-^«-*^'' if i> 1, /7(x,i) = otherwise. 



Assuming < ^7] < A, |3^| < C-^/SRt^/A, for sufficiently small positive constant C 
depending only on d, it follows from (|4.16p that there is a constant Cd depending 
only on d such that |/7(a;,i)| is bounded above by {A/(Ai + 1}^/^ times the RHS 
of dm]). It follows that /7(-,-) is in LP(Z'*+1) with p = {d + 2)/{d + 1) and 
||/i||p,«) < C7A^/^~^/P for a constant C depending only on d. 

Observe now that by the Hunt interpolation theorem [22 the inequality (|4.7p also 



d+l 



X 



holds for the operator Ti^Qj^sRr; as a mapping from LPi(Z'*+^) to L^([— 7r,7r] 
n, C^i^C^). Hence Ti,.^^,;!i^h is in i?„([-7r, tt]''+'^ x Q, C^^C^) provided q satisfies 
the inequality in (|4.6p with pi = {d + 2)/{d + 1). Evidently we can choose q 
so that q/2 > 1 + d/2. Since we can make an exactly similar argument for the 
function g(x, t) and Ti.Qf.sRr;^, we conclude from (|4.13p that dqr,r' (^, v)/^''! is in the 
space Lw ([— tt, 7r]''+^) with norm bounded by A^~^/p times a constant. We have 
proved for 777 = 1 that the derivative (|4.10p is in the appropriate weak L^ space. 
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We proceed similarly to estimate the higher derivatives ()4.10p and the fractional 
derivative (|4lT|) . D 

Remark 5. Proposition 4-1 with a ~ was proven in [8]. In that case the constant 
C in the statement of the Proposition depends only on d, A/A. 

Proposition 4.1 enables us to compare the averaged Green's function G^ix, t), x € 
Z'^,* G Z+ for ([L2]), dUSl) to the lattice Green's function G'^''"i^°(x,i), xGZ'^, te 
Z+ defined by 

1 r p-i^.x+ri{t+l) 

(4.17) GiZTix^t) = -— ^ / .„ , , „u...jn n^...^ <»^] d^ ■ 



{2^Y+^ 7[_.,.].^i e'' - 1 + e(e)*g(0, O)e(0 

Theorem 4.1. Assume Hypothesis 4.1 holds andAdK < 1. Then there exist positive 
constants a, 7, with a < I, depending only on d, A/A and a constant C such that 
forx e Z'', teZ,t> 0, 



(4.18) |Ga(x,t)-GLt'r(^,i)l< 
(4.19) 
|VGa(a;,i)-VGLfr(x,t)|< 



G 



G 



exp 



-7 nun < \x\, 



■ cxp 



-7nnn < \x 



At+1 



At+1 



[Ai+l](d+l+")/2 

//(5 satisfies < S < I then there exists a, 7 > depending only on d, A/A, 6 and a 
constant Cs such that the following inequality holds: 



(4.20) I [VGa(2;', t) - VGLf '°(x', i)] - [VGa(a;, t) - VG^f '""(x, i)] 



< \x'-x\ 



i-a 



Ga 



[Ai+l](d+2-<5+a)/; 



■ exp 



-7 mm < \x 



x\xe Z'^, 1/2 < (|x'|+1)/(|.t|+1) < 2. 



At+1 
The constant a in 1^4.20^ must satisfy a < 5. 

Proof. From p.7p . (|4.17p and Corollary 2.1 there is a constant G depending only 

on A/A such that for a G R'^ with |a| < 1, 

(4.21) 

Ga(x, t)-GLt*r (X, t) = ^"P[«-"/^+^|f(^+^)] / ^_.,..4-.^^.(*+l)^^(^^ CJ^) ^^ ^[CJ^] ^ 

where the function fai^,'^'']) is given by the formula 

(4 22^ f r^ c^ ^ = e(e - Wg)*{g(0, 0) - g(g + ^a/G, A\a\^ + z5r?)}e(g + ta/C) 
^' ^ ^-^^^'^/^ [cxp[A|a|2+i3,;]-l + e(e-ia/G)*g(0,0)e(e + m/G)] 

1 
^ [exp[A|a|2 + i5?7] - 1 + e(^ - ia/G)*q{^ + ia/G, A\a\^ + i^T])e{£, + ia/G)] ' 

The exponential decay in the inequalities (|4.18p - (|4.20p is obtained by choosing a in 
(|4.2ip to be given by 

(4.23) a = -a;/(G+l)(At + l) if \x\ < At + 1, a = -x/{G + l)\x\ if |a;| > Af + 1 . 

It follows from (|2.27p . Proposition 4.1 and Corollary 2.1 that there is a positive 
constant Gi such that the function in (|4.22p is bounded by 

CiNOP + lap] 



(4.24) \fa{t^v)\ < 



A[|Sr;|/A+|e(0P + |a|2]2-"/2 



, for (^, 577) e [-TT, tt] 



d+l 
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To complete the proof of the theorem we need to obtain the polynomial decay in 
[At + 1] in ()4.18p - (|4.20p . whence we may assume that At > 1. We divide the torus 
[—IT, tt]'^'^^ into various regions, the first of which is 

(4.25) £^0,0 - {{t^v) e [-Tr,nf+^ : At|e(C)P < 1, |5r?| <l/t} . 

It follows then from (|4.24p that there is a constant C2 such that 

l(d+a)/2 



(4.26) 



/ |/a(?,5r7)|dCrf[3^] < C2/[At+l]( 



Next we consider for fc = 1, 2, .., regions 

id+l 



(4.27) Eo,k = m^v)(^[-^,<^' ■■ At\em'<l, 2^-7^ < |3ry| < 2^^ } . 

From (|4.24p we see that if \a\ < 2/ At there is a constant C3 such that 

(4.28) 



e-'«-"+^^''(*+^Va(eS^)rfCrf[3^] 



< C32-'^(i-"/2)/[At+l](^+")/2 



In general a = 0(1), so we need to take advantage of the oscillatory nature of the 
integral in gJl]). Let p = Tr/{t + 1) so that e'''(*+i) = -1, and E^j^ = { (^,^77) : 
{£,, 3r/ + p) e £'o,fe }. Then the LHS of (|i:^ is bounded by 



'"'' u.. 



\fa{^,^V) - fait^V + P)\ d^ d[^V]- 



.'^•nfig,, 



-Eo,fc--Ej,fc 



|/a(e,5r?)|d^d[Qr?] 



Eo,k~^o.k 



i/a(e,3^ + p)|ded[3'?] 



It follows again from (|4.24p that the last two integrals on the RHS of (|4.29p are 
bounded by the RHS of ()4.28p . In order to bound the first integral we observe from 
the Holder continuity (|4.9p of the function (7(-, •) that there are constants Ci^Cs, 
and 



(4.30) |/a(^,3r/)-/a(e,3?? + p)l < 
+ 



g4[|e(e)P + H^](p/A)"/^ 
A[|57/|/A+|e(C)P + |a|2]2 

C5[|e(0P + l«P](p/A) 



for(C,577)e£;o,fcn<, 



A[|9r;|/A+|e(e)P + |a|2]3-«/2^ 
Since we are assuming \a\ > 2/ At it follows from ()4.30p that 

(4.31) J2 I l/-(^' ^'') - /-(^' ^^' + P^\ ^^ '^[^'^1 ^ ^6/[At + l]('^+«)/2 

for some constant Cg. We therefore conclude from (|4.26p - (|4.3ip that there is a 
constant C-j and 



(4.32) Y. 



k>0 



~i^.x-\~i'^ri{t-\-l) 



fa{^,Qv) d^ d[^7j] 



< C7/[At+l](''+")/2 



The inequality (|4.32p can also be derived by using the fact from Theorem 3.1 
that the derivative dq{£, + ia/C,A\a\'^ + i^rj) / d['iT]] is in the space L^([— 7r,7r]''"''^) 
with p= (1 + d/2)/(l - a/2). Thus we observe that 
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(4.33) 



-ze^+iGr,(t+i)j^(-^^<5^) d^ d[377] 



< 



t+1 



i/a(e,3^)|de 



dEo,k 



t+1 



a [377] 



d^ d[5?7] 



where 5ii^o,fe is the union of sets {(CS??) : ^t|e(OP ^ li 577 = constant} with the 
constant given by ±2^ jt or ±2*^"^/^. It follows from (|4.24p that the first integral on 
the RHS of ((i35)) is bounded by the RHS of (023). To bound the second integral 
we use the inequality 



(4.34) 






< 



C8[|e(0P + l4 



A2[|5r7|/A+|e(OP + |a|2]3-"/2 
C9[|e(C)P + |a|2] dq{5, + za/C, A|a|2 + z3r;) 



9 [377] 



A2[|5,7|/A+|e(C)P + |aP]2 

where Cs, Cg are constants. We can bound the integral of the first term on the RHS 
of (|4.34p just as we did with the second term on the RHS of (|4.30p . To bound the 
integral of the second term we use the well known fact that if / G L^([— tt, ttJ^^^^) 
with 1 < p < cx). then for any measurable set F, one has 



(4.35) 



I/I < Cp||/||p^.„m(F) 



1-1/p 



where the constant Cp depends only on p. Taking p = (1 + (i/2)/(l — a/2) we 
conclude from Proposition 4.1 that l/(f + 1) times the integral over Eq^^ of the 
second term on the RHS of (|4.34p is bounded by 

.4 ^.^ Cio[l/At+|ap] 2M1-1/P) 

^' ' Ai[2VAt+|a|2]2[At + l](rf+")/2 

for some constant C\q. Summing (|4.36p over A: > 1 we obtain the inequality (|4.32p 
again. 

For r > 1, fc > 0, let E^^k be defined by 

(4.37) 

i^r,;. = {(e,3»/) e [-^,7r]'^+i : 2-^-1 < td\e{^)\^ < T, 2^-^/t < |5r;| < 2 Vf } , k > 1, 



Then we have that 

00 



d+l 



< Af|e(OP < 2^ I377I < 1/t } 



(4.38) 5]/ 



-i^.a:;+i';j^7^(#+l) 



fai^,^v) d^ d[<ir,] 



(t 






g -^e-+«3'K*+i)^!;MlM di d[3r;] 



Just as in (|4.34p we see from Proposition 4.1 that 



(4.39) 



g"Va(e,S77) 
9 [377]"' 



|e(OI^ 



A2[|3r;|/A+|e(C)|2 



1212 



9[5?7]^ 



5a,m(^,5?7) 



where for ttt, < 1 + (i/2 the function ga,m{', •) is in Lg,([— 7r,7r]'*+^) with p = (1 + 
d/2)/{m — a/2). Thus there is a constant Cn such that 

(4.40) / \ga,m{^,^v)\ dC d[377] < CnA'-'^+^/Pm{F)^'^/P , i^ C h7r,^]''+i . 
Jf 
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It follows from (jTMl) . (|4:40| that 
(4.41) 



1 



(t + iy 



d['^T]Y 



d^d[3r,] < 



Cu 



2(rd/2+fc)(l-l/p) 



[Ai+l](d+")/2 



2'- + 2*^ 



for sonic constant C12. Observe that 
(4.42) 



00 00 2(rd/2+fc)(l-l/p) 

EE — ^^-^^^ — < °° 

k=Or=l 



T 



provided m satisfies the inequality m. > (d + a)/2. If d is odd then there is an 
integer m satisfying (i/2 < m < 1 + d/2, whence (|4.32p . (|4.38p . and (|4.4ip imply 
that (|4.18p holds for some a > 0. 

In the case when d is even we note from (|4.38p that 

(4.43) E/ e-'«-^+''^''(*+i)/a(e,3r,)dCd[377] = 



2{t 



k=0' 



d['^T]Y 



d['^T]Y 



dCd[3r/], 



where m is the largest integer satisfying m < 1 + d/2 and p = 7r/(t + 1). Similarly 

to (|4.39p we have that 

(4.44) 



d'^faiL^V) d^\faiC,'iV + P) 



di'i'nY 



di'i'nY 



\<0\' 



A^[\-Sr,\/A+\em^ + \a\ 



■ ga.,5i^,^v) 



where for < (5 < 1 + d/2 — m the function ga,s{', •) satisfies an inequality (|4.35p 

with p = {1 + d/2)/{ra + 5 — ct/2)- Hence as in (|4.4ip we conclude that 

(4.45) 



{t + iy 



9"7a(^,3r,) a™/a(^,3r, + p) 



9 [377]' 



dl'^rfY 



d^d[^7f\ < 



C 



13 



2(rd/2+fe)(l-l/p) 



[At+l](d+a)/2 



where C13 also depends on S as well as A, d, A/A. Now (j4.18p for some a > follows 
from (g^, (|i^ . and (|i^ by choosing (5 in (|n5)) so that < 6 < 1. 

In order to prove (|4.19p we follow the previous argument, replacing the function 
fa{£,,^v) by the function e{Ofa{£,,^v)- To prove ()4.20p we use the inequality 



(4.46) 



JS,-{x-x') 



11 < lOk-x 



nl-<5 



em 



IS 



and replace the function fa{£,,'^v) by the function |e(^)p ^fa{£,:^v) in the argu- 
ment to prove (|4.18p . D 

Remark 6. In the case when a = the constant C in ^.18^ , j/^.jffp depends only 
on d, A/A. Fo?' a > the constant C also depends on the constant in the inequality 
0771) of Hypothesis ^.1. 

The inequalities (|1.19|) . ()1.20p of Theorem 1.3 are a consequence now of Theorem 



4.1 and the following result which compares the lattice Green's function G 
to the Green's function Ga^o^ (a;, i) for the PDE (fre]) : 



lattice/ 



x,t) 
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Lemma 4.3. Assuming AdA < 1, then there exist positive constants j^C depending 

only on d, A/ A such that for a; G Z'^, t E Z with At > 1, 

(4.47) 



|Ga,_(x,i)-Glf"r(^'OI< 



C 



(4.48) 

IVGe 



,(a;,i)-VGif"r(2;'OI< 



G 



exp 



"7 mm < \x 



At+1 



(4.49) 

|VVGa,„„ (x, i) - VVGLt"r(a:, i)| < 



[At+l](rf+2)/2 
G 



cxp 



-7 mm < \x 



" At+l 



[At + l](d+3)/. 



■ cxp 



-7111111 < \x\, 



At+1 



Proof. Taking ahom == g(0,0) in dUl), wc sec from (|4TT!) that G^^^^l';'' {■ , ■) is the 
Green's function for the discrete parabolic equation corresponding to (jl.6p . 



(4.50) u{x,t + l,uj)~u{x,t,uj) 



-V*aiiomVu(a:;,t,a;) , xeZ'^, t = 0,l,2. 



To prove the theorem we follow a standard method of numerical analysis for esti- 
mating error between the solution of a continuous problem and its approximating 
discrete problems. The method is to regard the solution of the continuous prob- 
lem as an approximate solution to the discrete problem. An alternative approach 
based on comparison of the Fourier representation (|4.17p of the lattice Green's func- 
tion G!^**_^'^'' ( • , •) to the Fourier representation of the continuous Green's function 
GajjomC'i ■) is pursued in |22| for the case of elliptic equations. 

Let / : R'' — > R be a nonnegative G°° function with support contained in the 
ball {x E R'' : \x\ < 1} and u{x,t) — Uhom(2;,i) be the solution to the initial value 
problem ()1.6p , (jl.7p . With V^; , V* denoting the discrete operators ()1.5p , we have 
that 

(4.51) u{x + z,t+l)~u{x + z,t) + S/lahonyxu{x + z,t) = 

u{x + z,t+l)-u{x + z,t) + Tiace[a.iioniA{^ + ^T't)] , x E Z'^, z e K'^, t = Q,l,.., 

where the d x d matrix A{y, t) = [Ai j{y, t)], ye R^, f > is given by the formula 
(4.52) 

d^u{y + Y,^,,ty 



^t,j{yit) = u{y,t)+u{y+ej-e^,t)-u{y+ej,t)-u{y-e,,t) ^ -E 



dyidyj 



with Yij the random variable uniformly distributed in the unit square {yjej—yiei e 
R'' : < y^, yj < 1}. It follows then from (|43T|) . (|432|) that 

(4.53) u{x+z,t+\) — u{x+z,t)+Vl.a.\io-m^xu{x+z,t) = hi(x+z,t) — h2{x+z,t), 

where the functions hj{-, ■), j — 1,2 are given by the formulas 



(4.54) hiiy,t) = E 

(4.55) 

d 

h2iy,t) = ^ ahom («,.?■) "1 £^ 



du{y,t + T) 



dt 



du{y,t) 



dt 



y e R'*,i> 0, 



^^'u{v + y^,J,t) 



dyidyj 



d^u{y,t) 
dyidyj 



I , y e R'^,i> 0. 
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In ()4.54p the random variable T is uniformly distributed in the interval < T < 1. 
Since u{x + z,0) = f{x + z), a; G Z'', we conclude from (|4.53p that 

(4.56) 

t 
u{x+z,t) = Y. G'Lt*r(^-2/'*)/(j/+^)+E E G'i^!r{^-y,t-r)h,{y+z,r-l) 

t 

- E E GLt*r (2; -y,t- r)h2{y + z,r-l). 

r=l j/gZ'' 

Let Qo C R*^ be the unit cube centered at the origin. Then we have that 



(4.57) 



dz 



Qo 



l{x + z,t)-Y, GLt'r (x ~ y, t)f{y + z) 

ye'L'^ 



[Ga,„.„ (x, t) - GLt'r (2^: t)] I fiv) dy + Error(x) , 



where |Error(a;)| is bounded by the RHS of (|4.47p . 
Next observe from ((L6]) . (|4T54)) . (|435)) that 



(4.58) 



dz Y^ hjiy 
-'Qo y(,2,d 



z,t) 



for j = 1,2. 



It follows from (|4.58p that if we integrate the third term on the RHS of (|4.56p with 
respect to z e Qo it is equal to 

(4.59) f dzJ2T. [Ga ".!:°(^ -y,t-r)~ GLt'r (a;, t ~ r)]h2{y + z,r - I) . 



r=lye7. 

Using the fact that the distribution of Yj^i is the same as the distribution of —Yi^j 
we see from (|4.55p that h2{-,t) is bounded by the fourth derivative of u(-, i), whence 
we conclude that there are constants 7, C depending only on d such that 



(4.60) 



\h2{y,t)\ < 



CAWfW 



[At + l](''+4)/: 



■ exp 



7|yr 



At + 1 



, yeR'',i>0. 



We also have that there are constants 7, C depending only on d such that 
(4.61) 



IVG: 



lattice 



iy,t)\< 



c 



[Ai + l]('i+i)/- 



■ exp 



-7mm< \y 



\y\ 



At+1 



, yeZ^ieZ^ 



Using ()4.60p . (|4.6ip we can estimate (|4.59p and see that it is bounded by the RHS 
of (|4.47p . Since we can do a similar estimate with the function /12 replaced by 
hi we conclude from (|4.57p that (|4.47p holds. We can obtain the bounds (|4.48p . 
(|4.49p by taking the gradient of (|4.56p with respect to x and following the previous 
argument. D 



The inequality (|1.2ip of Theorem 1.3 is a consequence of Lemma 4.3 and the 
following; 
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Theorem 4.2. Assume Hypothesis 4-1 holds andAdA < 1. Then there exist positive 
constants a, 7, with a < I, depending only on d, A/A and a constant C such that 
forxe Z'', f e Z,i>0, 
(4.62) 



-701111 < la; 



kP 



At + 1 



Proof. Let x : R'^^^ ^- R be a C°° function with compact support such that the 
integral of x(-) over R'^^^ equals 1. We write 

(4.63) G^ix, t) ^ XL* Ga(.T, t) + [Ga(x, t)-XL* Ga(.T, t)] , 

where XL{x,t) = AL^'-'^+^'>x{x/L,At/L^), x € R'',^ e R, and * denotes convo- 
lution on 7/^^^. Let Xl(C:^)i C € [— 7r,7r]'', e [—tTjTt] be the Fourier transform 
(|2.13p of xl('i •) restricted to the 2*^+^ lattice. Since xl(-, •) has compact support 
Xl(-, •) has an analytic continuation to C^^^. Furthermore for L > 1 there is a 
constant G such that 

(4.64) |xl(0,0)-1| <G/i, |xl(C + «a,6i - iA|ap)| < Gexp[G|api2] « ^ R'^. 
There also exists for positive integers n constants G„ such that 

(4.65) lx.(C + -».^--A|ani< [,^^|^|;V|.|/A]» ^^ '^'^ ^ l' 

We assume now that i? < a/AT+T < 2R and choose L = R^^^ for some (5 > 0. 

Then from (|2.4p we see that 

(4.66) 

XL*VfcV,Ga(x,t) =— ^exp[a-x/G + A|a|2(t + l)] /" /" UiC,e)dedC 

where a is given by (|4.23|) and faiC^f^) is defined by 
(4.67) 



faiCO) 



efc(C + ia/C)e,{C + m/G)xL(C + WG, g - zA|ap)e-<-"+'^(*+i) 
gA|ap+je _ 1 + e((^ _ ia/C)*q(C + ia/G, A|a|2 + i0)e{C + ia/C) 



It follows from Corollary 2.2 and the second inequality of (|4.64p that if \a\L > 1 
there is a constant Gi such that 



(4.68) exp[a-.T/G + A|a|2(t + l)] / / \fa{C,e)\ dO dC < 

Gi 



[At + l](d+3)/ 



exp 



-7 mm < I a; 



At -HI 



If |a|L < 1 we also have from Corollary 2.2 and (j4.65p that 



(4.69) / / \faiC,o)\dedc^ 



'[-tt.tt]'' J[-7r,7r]n{i/|e|/A>l/_Ri-2'5} 

for some constant Gi. 



\fa{C,o)\dedc < Gi/[At + i]('^+3)/2 
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To estimate the integral of /a(C, 0) over the set {(C, 0) : |C| < 1/i?^"^*, y/W/A < 
l/R^^^^} we use the Holder continuity ()4.9p of the function q{-, •). Thus let ga{-, •) 
be defined similarly to the function /a(-, •) by 
(4.70) 



9aiC,0) 



CkiC + ia/C)ejiC + ia/C)xL{C + WC, - ^A|a|2)e-<■"+'«(*+l) 



gA|ap+,;e _ 1 + e(C - ia/C)*q{0, 0)e(C + ia/C) 

Then from (|4.9p we see that 
(4.71) 

/ / |/a(C,e)-ffa(C,^)H^rfC<C2/[At+l]'^+2+")(l-2^) 

j{ici<i/fli-2''} "'yi?i7A<i/i?i-2* 

for some constant C2. We choose now (5 > in (|4.7ip sufficiently small so that 
(d + 2 + a)(l - 2(5) > d + 2. It follows then from (013), dMH), (|t7T|) that |xl * 
VfeVjGa(a;,i) - xl * VfeVjGL^^'_^'_^'^°(a;,i)| is bounded by the RHS of KE^ . 

To complete the proof of the inequality (|4.62p we use the Holder continuity result 
of [11]. Thus from the first inequality of (|4.64p and [11] we see that |VfcVjGa(a;, t)~ 
XL * VA:VjGa(a;,i)]| is bounded by the RHS of (1462]) for some a > 0. The resuh 
follows. D 

We can essentially repeat the foregoing arguments for the continuous time av- 
eraged Green's function Ga(a;,i), x G Z'^,t > 0, for ()1.4p . In the continuius time 
case our hypothesis is: 

Hypothesis 4.2. Let T^^,, be the operator {2.45^ on the Hilhert space H{ft) and 
T^ denote its adjoint. Then for fc > 1, P2 — Pa ~ ■ ■ ■ = Pk = ^, o-nd 5^,,, — T^,rj 
or S^^,-i = Tp , there exists Pq{K/\) > 1 depending only on d, A/A and a constant 
C{k) such that 

(4.72) 

Y. I dt,---dtA\{g,{x,,t,)T,^^^t,Ph{-)[I-PS^,^h{-)rAv 

k 

< C{k)l[\\g,\\p^\v\ for.g, eL^(Z'^xR,C'^®C'^), j = l,..,fc, veC^, 

provided 1 < pi < Po(A/A) and ^ e C^, rj £ C satisfy < SRt? < A, |3C| < 
Cl^yWr]/A, with Gi depending only on d, A/A. 

Assuming Hypothesis 4.2 holds, we can prove the analogues of Proposition 4.1, 
Theorem 4.1 and Theorem 4.2 for the continuous case. Theorem 1.3 therefore 
follows in the continuous time case once we arc able to establish Hypothesis 4.2. 

5. Independent Variable Environment 

Our goal in this section will be to prove Hypothesis 3.1 and its generalized 
form Hypothesis 4.1 in the case when the variables a.{Tx^t'), x G Z'^,t £ Z, are 
independent. Following [9| we first consider the case of a Bernoulli environment. 
Thus for each x G Z'^,t G Z, let Y^.t be independent Bernoulli variables, whence 
Yx^t = ±1 with equal probability. The probability space {ft,J-,P) is then the 
space generated by all the variables Y^^t, {x,t) G Z'^^^. A point w G il is a set of 
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configurations {{Yn,n) : n E Z''+^}. For {x,t) E Z''^^ the translation operator Tx^t 
acts on il by taking the point cu = {(Yn,n) : n G Z^+^} to r^^t^ = {(F„+(2;^_i),n) : 
n G Z'^'+^}. The random matrix a(-) is then defined by 

(5.1) a(c^) = (1+7^0)/^, L^-{(y„,n):neZ'^+i}, 

where < 7 < 1. 

In [5] we defined for 1 < p < 00 Fock spaces J^p(Z''+^) of complex valued 
functions, and observed that J^^(Z''+^) is unitarily equivalent to L^{i^). We can 
similarly define Fock spaces H^{Z'^^^) of vector valued functions with range C'', 
such that 'H'jr{Z'^^^) is unitarily equivalent to ^(£7). Hence we can regard the 
operator T^^^ of (j2.9p as acting on H^{Z'^'^^), and by unitary equivalence it is a 
bounded operator satisfying |jT^,,j|| < 1 for ^ G R'', ^r] > 0. From (|2.9p we see that 
T^^jj acts as a convolution operator on N particle wave functions V'a'(') in H3r(Z''+^) 
as 

(5.2) T^^,,i>N{xi,ti,...,XN,tN) = 

A Y^ e""*' J2 {VV*Ga(x', i' - 1)}* exp[-ix'-^] ^Pn{xi~x', h-t', .., xn-x', tN-t') 

t'=i xez-i 

Note that for all N particle wave functions, T^ ,, acts as a convolution operator on 
functions on Z'^'^^. Hence its action is determined by its action on 1 particle wave 
functions. Let i(ji{(,9), C S [— tt, tt]'', 9 € [— 7r,7r], be the Fourier transform (|2.13p 
of the 1 particle wave function tpi{x,t), x g Z'^,t £ Z. We see from (|5.2p that for 
^ G C*, SRr; > 0, the action of T^ ^ in Fourier space is given by 
(5.3) 

Hence the result of Lemma 2.1 for the Bernoulli case follows from: 

Lemma 5.1. Assume Ad A < 1. Then there exist positive constants Ci, C2 depend- 
ing only on d such that for (5, 77) in the region {(5, 77) S C^^^ : < 5R77 < A, |3^| < 
Gi^JWq/K\, there is the inequality 

(5.4) Amax[|e(e)P, |e(e)P] < {l + C^l' /[nrj / A]) \e^ - 1 + Ae{0* e{0\ ■ 
Proof. We have that 

(5.5) |e"-l + Ae(a*e(OI > e^" - |1 - Ae(a*e(e)| 

> e^" - 1 + Ae(5RC)*e(5Re) - A|e(3?0*e(5RO - e(0*e(C)| , 

where we have used the fact that Ad A < 1. Observe that there is a constant C 
depending only on d such that 

(5.6) A\emrem)^e{0*e{0\ < C A[m\' + \Qi\\em)\] 

< C^Ae{^^)*e{^^)}\^i\y[^r,/A] + [1/4 + CCf]nij . 
We conclude then from (|5.5p . (|5.6p that 

(5.7) |e"-l + Ae(0*e(e)| > [3/A-CCf]^f]+[l-C^\'^i\y[^7^/A]Aei^Crem). 
The inequality (|5.4p follows from (|5.7p by observing similarly to (|5.6p that 

(5.8) A|e(OP < Ae(5RO*e(5R^) + CA[|3eP + |3^l|e(3?OI] ■ 
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D 

Lemma 5.2. Assume AdA < 1. Then there exist positive constants Ci,C2,C3 
depending only on d such that for (^,77) in the region {{£,,t]) G C'^'^^ : < SRyy < 
A, |3^| < Ciy^W^}, the operator T^,,, of ^5^ is hounded on -H^(Z''+i) for 
p ~ 3/2 or p = 3, and the norm \\T^ r/Wp of T^^ ^i satisfies the inequality HT^ jjHp < 

c^{i+c2m?/[^ii/k]). 

Proof. It will be sufficient for us to prove the theorem on the space of 1 particle 
wave functions. To do this we follow the argument of Jones [TB], which adapts the 
methodology of Calderon-Zygmund [S| to Fourier multipliers associated with para- 
bolic PDE. A more general theory of Fourier multipliers can be found in Chapter IV 
of [55] , but because of the generality it is hard to estimate the values of constants 
using this theory. 

For a set i*^ C Z'^+^j we denote by \E\ the number of lattice points of Z''^^ 
contained in E. Let tp{x,t), x £ Z'^,t € Z, be a 1 particle wave function with 
finite support. We shall show that for any 7 > 0, the set E-^ = {{^jt) G Z'^^^ : 
|rj^^'0(a;, i)| > 7} satisfies the inequality 

(5.9) \E^\ < C4(1 + C2|5^|V[3^^/A)7"' E rnmMx,t)\, j]' + C5l3^{j) , 

(a;,t)eZ<'+i 

where C2 is the constant of Lemma 5.1 and C4, C5 depend only on d. The function 
(3'^{-) is defined in [HIII^ in terms of the distribution function of ip{-, ■)■ Once (|5.9p 
is proved the result follows from the argument of [5], which shows that llTf.rjUp is 
simply bounded in terms of the constants occurring in (|5.9p . 

We use a Calderon-Zygmund decomposition to prove (|5.9p . Recalling that 1/A > 
4d, let TVo > 2 be the integer which satisfies 2^" < i/A < 2^"+^ We choose 
ai, ..Od, 6 G Z and sufficiently large integer iVi such that the rectangle R = {{x, t) = 
{xi,.,Xd,t)€li'^+'^ : aj + 1/2 <a;j < 2^1 -hflj -hl/2, j = l,..,d, and 6+l/2< 
t < 22^1+^0 +b+l/2} contains the support of V(-, ■) and 

(5.10) ^ Y. I'/'(^'*)I ^ ^■ 

Note that the length of the side of R in the t direction is 2^" times the square of 
the length of a side in an Xj direction for all 1 < j < d. Wc subdivide R into 2** x 4 
sub-rectangles with the same property and continue to similarly subdivide until we 
reach a set of disjoint rectangles Rm, m = 1, .., Mi, with side in the Xj, 1 < j < d, 
direction a non- negative power of 2, which satisfy the inequality 

(5.11) 7 < J_ ^ |V-(a;,t)| < 2^^+27, l<m<A/i, 

together with a set of rectangles R'^, m = 1,2, ...M2, with side in the Xj, 1 < j < d, 
direction equal to 1 and equal to 2''^" in the t direction which satisfy 

(5.12) r^ J2 l^(^'*)l ^ ^• 

' ™' {x.t)eR'„, 

We subdivide the rectangles R'^, m = 1, .., M2, into 2 rectangles with side in the t 
direction of length 2^°~^, and continue to subdivide until we reach a set of disjoint 
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rectangles Rm, in = M\ + 1, .., M, with side in the i direction a non- negative power 
of 2, which satisfy the inequahty 

(5.13) 7 < J_ ^ |^(a;,t)| < 27, Afi + 1 <m<M, 

together with a set of unit cubes centered at lattice points of Z''+^. Setting D-^ ~ 
Um^i-Rm, one sees that R'^^^ — D^ is a union of unit cubes centered at lattice 
points of Z^^+^j whence 

(5.14) |V'(a;,t)| < 7 for (a;,t)G Z'^+in[R'^+i -£»-.,] . 

Wc consider the distribution function 7 — s- |{(a;,t) G Z'^+^ : |V'(x,t)| > 7}! 
of '(/'(•, •) with domain {7 > 0}, which is a piece-wise constant right continu- 
ous decreasing function with range < s < |supp['0(-, •)]!. The decreasing re- 
arrangement '0*(s) of '(/'(•, •) with domain s > is also a piece-wise constant right 
continuous decreasing function satisfying ^*(0) = sup ]?/'(•, •)! and ^*(s) = for 
s > |supp['0(-, •)]!. It is the approximate right continuous inverse of the distribution 
function for < s < |supp[V'(-, •)]! ■ In view of (|5.1ip . (|5.13|) we have that 

(5.15) 7 < -i- ^ \i,{x,t)\ < -1- f ' r{s)ds = M\D^\) , 

where the function /3^/, (s) with domain s > is decreasing and continuous with 
range < 7 < sup |V'(-, Ol- There is a well-defined inverse function /3'^{j) for /3^(-) 
with domain < 7 < sup \tp{-, ■)], and (|5.15p implies that \Dj\ < P'^i'j)- 

We write ip{-, •) = tpi{-, •) -|- tp2{-, ■), where the function V'i('j is defined by 

(5.16) 

V'i(x,t) = — - — - 2_] ip{x' ,t') a {x,t) £ Rrn ioT some m, I < m < M, 

■01 (a;, i) — i^{x,t) otherwise. 
From Lemma 5.1 and (|5.14p we have then that 

(5.17) |{(x,t)eZ'^+i : |T5>i(z,i)|>7/2}| < 

{l + C2m?mv/^fUl-^ E min[|V'(x,i)|, 7]' + 22'*+«|i5^ 
[ {x,t)e'L''+^ 

To bound the distribution function of V'2(', •) which has support contained in Z?^, 
we consider a rectangle i?„i, \ <m< M, with center (x™,i"') G Z'^^^ and let Rm 
be the double of Rm- We observe that similarly to (|2.1ip there is a constant Cd 
depending only on d such that the function VS/*GA{x,t) satisfies inequalities 

(5.18) |e-^''(*+i)-*"-^«VV*GA(a;, t + I) - e-^''*-"-^«VV*GA(a;, t)\ 



^ Cd 

- (^ + l)[A< + l]'i/2+i*^''P 



Cd 



(5.19) |e-^''*-*("+"^)-'-*«VV*GA(a; + ej,t)-e-^''*-"-'^«VV*GA(a;,i)| 



28 JOSEPH G. CONLON AND ARASH FAHIM 



- [Ai+l]rf/2+3/2''''P 



{N, NV(A^ + i)} 

Cd 



J = l,-,d, 



provided £, G C"^, 1] E C, satisfy the conditions in the statement of the lemma. 
Extending the function GA{x,t), x e Z'', t = 0, 1,2, .., defined by (|2.10p to have 
domain Z''^^ by setting Gi^{x,t) = for x G Z'*, t < 0, we conchidc from (|5.18p . 
(|5.19p that if (a;',t') G Rm, then there is a constant Cd depending only on d such 
that 

(5.20) Y. A |e^^"(*-*')-*(="-^')-^«VV*GA(a;-x',t-i') 

(a:,t)eZ<'+i-fl„ 

_g-Wr,(i-t'")-»(:.-:r'").aCvV*G'^(2._2.r«^^_^m)| < Q_ 

It follows from (|51T|) . dUS]), ([OO)) that if Z).., = U^^^i_R™, then 

(5.21) ^ |Tj,^V2(a;,i)| < Cdl\D^\ 

for some constant Cd depending only on d. Hence we have that 

(5.22) 

|{(x,i)eZ'^+i : |Tj,^V2(a;,i)|>7/2}| < 2Cd\D^\ + \D-,\ < [2Cd + 2''+^]\D^\ . 

The inequality ((O)) follows from ((5Tf|) and ((02)) . D 

Corollary 5.1. Under the assumptions of Lemma 5.2 the operator T^^^^i is hounded 
onW{Z'^+^) fori/2 <p<Z, and\\T^,^\\p < [l + 6{p)] {l + C2\'^^\y[^v/M) , where 
the function S{-) depends only on d and limp^2 ^(p) = 0. 

Proof. The result follows from Lemma 5.1, Lemma 5.2 and the Riesz-Thorin inter- 
polation theorem [30]. D 

Proof of Hypothesis 4-1- We choose go — '?o(A/'^) with 1 < go < 2 so that (5(go) < 
A/2A, where 5{-) is the function in the statement of Corollary 5.1. It follows then 
from Young's inequality that Hypothesis 4.1 holds if we choose po = Po{-^/^) > 
1 with 1/po + 1/^0 = 3/2. It is shown in [3] how to extend the argument for 
the Bernoulli environment corresponding to (j5.ip to general i.i.d. environments 
^{txx)^ {x,t) G Z'*+^. We have therefore proven Hypothesis 4.1 for a(Ta;_i-), {x^t) G 
Z'^+i, i.i.d. such that ([HI]) holds. D 



6. Massive Field Theory Environment 

In this section we show that Hypothesis 3.2 and its generalization Hypothesis 4.2 
holds if (51, J^, P) is given by the massive field theory environment determined by 
(jl.lOp . (jl.lip . We recall the main features of the construction of this measure. Let L 
be a positive even integer and Q = Ql C Z'^ be the integer lattice points in the cube 
centered at the origin with side of length L. By a periodic function : Q x R -^ R 
we mean a function (j) on Q x R with the property that (j){x, t) = (j){y, t) for all 
x,y £ Q, i G R, such that x — y = Lek for some k, 1 < k < d. Let i7g be 
the space of continuous in time periodic functions </> : Q x R — > R and J^q be the 
Borel algebra generated by the requirement that the functions 0(-, •) — > (f>{x, t) from 
flq — > R are Borel measurable for all a; G Q and t rational. For to > we define a 
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probability measure Pq on (Jig, J^q) by first defining expectations of functions of 
the variables 4>{x, 0), a; € Q, as follows: 



(6.1) < F{cp{; 0))>n,,= 

1 



L 



F(0(.))cxp 



^ l/(V0(a;)) + ^m^iiixS^ 
xe" 



I I rf(/)(a;) /normalization , 
xeQ 



where F : R^ — >■ R is a continuous function such that 1^(2)1 < Cexp[A|z|], z S 
R^ , for some constants C, A. By translation invariance of the measure (|6.ip we 
see that ((/)(x, 0))oq = for all a; G Q ^^^d hence the Brascamp-Lieb inequality 
[2] applied to (|6.ip and function F{(j>{-)) = exp[(/, </>)], where (•, •) is the Euclidean 
inner product for periodic functions on Q, yields the inequality 



(6.2) (exp[(/, </))]) o<j < exp 



i(/,{-AA + m2}-i/) 



The variables (/)(a;, t), x € Q,t > 0, are determined from the variables (f>{x, 0), x € 
Q, by solving the stochastic differential equation 
(6.3) 

O 1 

'^'^(^'^) = '^^:^r^ Y. -{y(V</)(x-',t))+m20(x',t)V2}dt+d-B(a;,t), xGQ,t>0, 

where B(x, •), x € Q^ are independent copies of Brownian motion modulo the pe- 
riodicity constraint on Q. Since (|6.ip is the invariant measure for the stochastic 
process 0(-,i), t > 0, it follows that (|6.ip . (|6.3p determine a stationary process for 
t > 0, which therefore can be extended to all i € R. Furthermore the functions 
t — > (j){x, t) on R are continuous with probability 1 for all x € Q. The proba- 
bility measure Pq on {Qq,J^q) is the measure induced by the stationary process 
(/)(•, i), <e R. 

The probability space {fl, T ^ P) on continuous in time fields : Z'' x R — > R is 
obtained as the limit of the spaces (i^g, J^q, Pq) as jQI — > oo. In particular one has 
from Lemma 2.4 of [7] the following result: 

Proposition 6.1. Assume m > Q and let F : R*"' -^ H be a C^ function which 
satisfies the inequality 

(6.4) \DF{z)\<Acxp[B\z\], z e R^ 

for some constants A, B. Then for any xi, ....Xk G Z'', and ti, .., ife G R, the limit 
(6.5) 

lim {F ((^(xi, ti), (j){x2,t2), , (t){xk,tk)))nQ = {F {(I>{xi,ti),cj){x2,t2), , 0(xfe, ffe))) 

IQKoo 

exists and is finite. 

From (|6.2p and the HcUy-Bray theorem [31 [T3] one sees that Proposition 6.1 
implies the existence of a unique Borcl probability measure on R*^ corresponding 
to the probability distribution of the variables ((/)(a;i,ii), .., (/)(a;fe,ifc)) G R**', and 
this measure satisfies (|6.5|) . The Kolmogorov construction [3l [13] then implies the 
existence of a Borel measure on fields </> : Z'' x R — )■ R with finite dimensional 
distribution functions satisfying ()6.5p . We have constructed the probability space 
(ri, J", P) corresponding to (|1.10p . (|l.lip for which Q, is the set of continuous in 
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time functions : Z'' x R — > R, and it is clear that the translation operators 
Tx,t, X £ Z'^,t € R, are measure preserving and form a group. 

The BL inequality [5] plays a crucial role in establishing the existence of the limit 
(|6.5p in [3 [M] . In particular it yields a Poincarc inequality for the measure (|6.1I) . 
Thus if F : R^^ ^ R is a C^ function such that \DF{z)\ < Cexp[A\z\], z e H^" , 
for some constants C, A, then 
(6.6) 

varo«[^W-,0))] = ( [F(0(.,O)) ~ (^(0(., 0)))]^)o« < ^(||rfF(0(.,O))|p)o« , 

where (iF(0(-,O)) G R'^ is the gradient of F at 0(-,O). A simple proof of (|6.6p 
follows from the Hclffcr-Sjostrand (HS) representation [T7] 

(6.7) 

(Fi(0(.,O))F2(0(-,O)))n„ = {dF,{(b{;0))[d*d+V*V"{y(b{-))y+m^]-'dF2{H;0)))n 



Q ' 



which holds for C^ functions Fi,F2 : R^ ^ R that satisfy \Fj{z)\ + \DFj{z)\ < 
Cexp[A|z|], z € R-^ , j = 1,2, for some constants C,A, and (Fi(0(-,O)))nQ = 0. 
In ()6.7p the operator d* is the adjoint of the gradient operator d with respect to 
the measure ()6.ip . and hence (i*(i is a non- negative self-adjoint operator. 

Our first goal here will be to prove strong mixing of the operator Tei,o on 
{fl,J-,P). In order to do this we will need a Poincarc inequality for the measure 
{HqjJ^q, Pq), in particular a generalization of (j6.6p to functions F{(p{-,ti), .., (/>{■, tk)) 
depending on values of the field </>(•,•) at different times. To do this we follow 
the development of Gourcy-Wu [16] who make use of the Malliavin calculus [24] 
to prove a log-Sobolev inequality for such measures. The basic insight of the 
Malliavin calculus is that the Wiener space generated by independent Brownian 
motions B{x,t), x € Q,t > 0, can be identified with a probability space whose 
set of configurations is the Hilbert space L^{Q x R"^), where R+ is the open in- 
terval (0,oo). We denote the Euclidean inner product on L^{Q x R+) by [•,•]. 
The measure on L^{Q x R^) is uniquely determined by the requirement that the 
variables ip — )■ [■0, ^j], j = l,..,fc, are i.i.d. standard normal for any set of or- 
thonormal vectors ipj^ j = 1, ..,fc. We denote this Malliavin probability space by 
(^Q,Mai,-^g,Mai,-PQ,Mai), where fig, Mai = L"^ {Q X R+) and J'g^Mai is determined 
by the requirement that the functions ijj — >■ [V','0o] from i^gMai to R arc Borel 
measurable for all ipo £ L^{Q x R+). 

The identification of the Wiener space with (i^Q^Mai, -^Q.Mai, -Pg,Mai) follows from 
the fact that the expectation of a function F{ip{-, •)) with respect to (i^QMed, -^Q,Mai, ^Q,Mai) 
is the same as the expectation of F{W{-, •)) with respect to Wiener space, where 
W{-,-) is the white noise process corresponding to B{-, •) in (|6.3p . Hence the iden- 
tification may be summarized as follows: 

(6.8) tp{x, t) o W{x, t), W{x, t) = dB{x, t)/dt, xeQ,t>0. 

For i > let J^t be the cr— field generated by the Brownian motions B{x,s), x £ 
Q,s < t, of (|6.3|) . so from (j6.8p we can regard J-t as a sub cr— field of J^Q.uai- 
We consider next vector fields G : L^{Q x R+) — > L^{Q x R+) on flg^Med which 
are measurable in the sense that for any ^o £ L^{Q x R+) the function ip{-,-) ^■ 
[G{il^{-, ■)),ipo] is (rig^Mah-^Q.Mai) measurable. The vector field is predictable if 
for any t, < t < oo, ipo has support in the interval Q x [0,i] implies that the 
function [G{tp{-, ■)):^o] is J-t measurable. The Martingale representation theorem 
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[24] implies that for any function F e L^{^q, Msd) there is a predictable vector field 
G : L2(q X R+) ^ L2(q X R+) such that 

(6.9) y^^n^.Mjn-)] = ( !|G(-)ino«,M.i , 
Fii,i;-))-{Fi-)) = [G(^(.,.)),VX-,-)]- 

Suppose now that F e L'^i^Q.Mai) also has a Malliavin derivative DMai-F" : L'^iQ x 
R+) -^ L^iQ X R+) with the property that ( ||£'Maii^(-)f >nQ,Mai < oo- The 
Clark-Ocone formula [24] states that the vector field G('0(-, •)) in (|6.9p can be 
expressed in terms of the Malliavin derivative DMsdF{ip{-, •)). Denoting the values of 
G(V'(-, •)), ^Maii^(V'(-, •)), at {x, i) e g X R+ by G(a;, t; V(-, •)), ^MaiF(.T, <; ^(•, •)) 
respectively, then 

(6.10) G(.T,t;^(.,.)) = (i?Maii^(a:,i;^(-,-)) l-^t>OQ,Ma> a;eg,i>0. 

We show how the Clark-Ocone formula (|6.9p . (|6.10p implies the HS formula 
([O]) . Let (/){■, T) be the solution at time T > of ^^ with initial data 0(-, 0) = 
and / : Q ^ R. We can find an expression for the Malliavin derivative of the 
function F{ip{-^-)) = (/(•),(/)(•, T)) by analyzing the first variation equation for 
([O]) . Evidently one has that DMaiF{x,t]4i{-,-)) ^ ioT x e Q,t > T. To get an 
expression for DMa.iF{x, t; 'ip{-, •)) when t < T wc first note from (|6.3p that 
(6.11) 

l(fi.),cb{;t)) = -i{(V/(.),y'(V0(.,t)))+m2(/(.),0(-,t))}+(/(-),W^(-,t)), t>o. 

It follows from ([OT]) that for ipo G L'^{Qx'R+) the function ^{■,t) ^ [DmhiH- , t)) , V'o] 
from g to R is a solution to the initial value problem 

(6.12) |(/(.),^(.,i)) = -i{(v/(.),F"(V0(-,i))VC(-,i)) + 

™'(/(-), e(-,^))} + (/(•), ^o(-,i)) for i>0, /:g^R; e(-,0) = 0. 

From (|6.12p we see that £^{x,t), x E Q,t > 0, is the solution to the initial value 
problem for the parabolic PDE 

(6.13)^^^ = -i{V*r'(V</)(x-,i))Ve(x,t)+m2e(z,i)} + ^o(x,t), 

ax,0) = 0. 
Consider now the terminal value problem for the backwards in time parabolic PDE 

(6.14) ^^^ = ^W*r\W^{x,t))Wu{x,t),t<T, 



u{x,T) = uq{x), 



with solution 



(6.15) u(x,i) = ^G(x,y, t,T, </)(., •))^o(2/), t <T. 
Then the solution to (|6.13p is given by the formula 

(6.16) C(y, T)^ [ e-™'(^-*)/2dt Y. G{x, y, t, T, <f>{; ■))Mx, t) , yeQ. 



32 JOSEPH G. CONLON AND ARASH FAHIM 

We conclude from ()6.16|) that 

(6.17) 

(/(•), i^Mai0(x, t; ; T)) = e-™'(^-*)/2(/(.), G(x, ., t, T, ,^(., •))), x e Q,t < T, f : Q ^ R. 

Suppose now that F ; R"^ -^ RisaC^ function such that \DF{z)\ < Cexp[A|z|], z £ 
R^ , for some constants C, A. Then from (|6.17p it follows that 

(6.18) 

Du^iFix, t- 4'{;T)) = er"'"^^-'^/^{dFi;(b{; T)), G(x, •, t, T, 0(., •))), x€Q,t<T, 

Du.iF{x,t;^{-,T)) =0, xeQ,t>T. 

Next we observe from (|6.14p . (|6.18p that the conditional expectation (|6.10p is given 
by the formula 

(6.19) ( 7^Mai^(-,t;0(-,r)) I Tt )n«,Mai = e-"<^^-'y^dFi;(t>{;t)) , t<T, 

where the operator H is as in (|6.7p . so H ^ d*d + V*F"(V(/)(-))V + m"^. Since 
for any fixed s > the distribution of (f){-,T — s) converges as T — > oo to the 
distribution of (/){■) for the invariant measure (|6.ip . it follows that 
(6.20) 

lim (|(i?MaiF(.,T-s;0(.,r))| J-T-.)o«.M.,r>o«.M., = ( dF(., 0(.)) e-^^dF(., ^(•)) )o<, • 

Now dUll) for i^i = F2 follows from ([621), (|O0|) on letting T -^ 00. The identity 
(|6.7p for general Fi , F2 is then a consequence of the symmetry of the LHS of (|6.7p 
inFi,F2. 

Proposition 6.2. Let (57, J^, P) be the massive field theory probability space defined 
by Proposition 6.1. Then the operators Te .0, 1 < J < rf, on Q. are strong mixing. 

Proof. We proceed as in the proof of Proposition 5.2 of [TO]. It will be sufficient to 
prove that for fc > 1 and {xj,tj) g Z'' x R, j = 1, ..., k, 

(6.21) 

lim ( f{(j>{xi +nei,ii),....,0(xfe +nei,tk.)) g{(j>{xi,ti), ....,(j){xk,tk)) ) = 

n— J-oo 

( f{<P{xi,ti),....,(t){xk,tk)) ) ( g{(j){xi,ti),....,(t){xk,tk)) ) 

for all C°° functions /, g : iV' — ?> R with compact support. Let Q C Z'* be a large 
cube centered at the origin with side of length an even integer L. We define /iq_t('t-) 
for n £ Z and T > large by 

(6.22) 

hQ,T{n) = (/((/)(xi+nei,ii+r),....,(^(.Tfc+nei,ifc+T))g(^(xi,ii+r),....,0(xfc,ifc+T)) )oQ,Mai 
( f{(f){xi,ti+T), ...., 0(xfc, tk+T)) )nQ,Mai ( g{(f){xi,ti+T), ...., (I){xk,tk+T)) )s-2Q,Mai ■ 

The function /iq,t : Z — ?► R is periodic on the interval /^ — Z n [—L/2,L/2]. We 
shall show that there is a constant C independent of L, T as L, T — >■ 00 such that 

(6.23) Y. l^'Q^Tin)]' < C. 

nelL 

Then (|6.2ip follows from (|6.23p and Proposition 6.1 as in Proposition 5.2 .of [lOj . 
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To estimate the LHS of (|6.23p we go into Fourier variables, using the Plancherel 
theorem 

(6.24) Y. I^Q.tWP = ^ f |Aq,t(C)P dC . 

Let a(/, C, 0(-, •)) be the function 

(6.25) a(/,C,<^(-,-)) = ^ /(</'(a;i+nei,ii+T),....,0(a;fc+nei,tfc+r)) 



inQ 



nelL 

Then the Fourier transform of hq^xi') is bounded by 

1 

From (|6.17p we see that 
(6.27) 



(6.26) \hQ,T{0? < 72 ^a'^"Q,M.i[a(/.C,0(-,-))] varoQ,,^Ja(5,C,'^(-,-))] 



] = 1 nelL 

where we are using the convention G(-, •, s, 5) = if s > S'. It follows from (|6.27p 
that 



(6.28) ^|i?Maia(a;,i;/,C,0(-,-))l' < 
xeQ 

k 

fcill A/(-)llL E e-"'(^+*^-*) sup Y, Y. ^(•^' y+^ei, i, r+t„ </)(., •))G(x, y, i, T+i„ ^(^ •)) 

Observe now that 

(6.29) ^ G(x, 2/', i,r,0(.,.))= ^G(x',y,i, r,0(., •)) = !, x,j/eQ,t<r. 

We conclude from ([63]), dSSHl), (jOQl) that 

(6.30) varo<,,„,Ja(/,C,'^(-,-))] < k^L\\Df{-)fJm^ . 

The incquahty (fOSl follows from (IQij) . dOS]), (|O0l) . D 

To proceed further we need to obtain a more general Poincarc inequality than 
was used in Proposition 6.2. In order to do this we consider functions F{(j){-, •)) of 
continuous in time fields <j> : Q x R —>■ H. For h G L^{Q x H), which is continuous 
in time, we define the directional derivative of F{<j){-, •)) in direction h by 

(6.31) dFh{<P{-,-)) = lini[F(0(.,.)+£M-,-))-^(</'(-, •))]/£• 

For the functions F{(p{-, •)) we shall be interested in, the directional derivative ()6.3ip 
can be written as 

/oo 
dtdF{x,t;cl){;-))h{x,t) = [dFicl>i;-)),h] . 

We shall call dF{-, •; (/)(•, •)) the field derivative of F{(p{-, •)). One can use the HS 
formula (|6.7p to obtain a Poincarc inequality for functions F{(t){-, •)) of the form 



3.33) Fiq^i;-)) = / git)Giq^i;t)) dt 
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where g : R — > C is a continuous function of compact support and G((/)(-)) is a 
complex valued C^ function of fields : Q — > R which satisfies 10(2)1 + |Z3G(2:)| < 
Aexp[i3|z|), z £ R^ , for some constants A,B . Evidently from (|6.32p we see that 
the field derivative of the function (|6.33p is given by the formula 

(6.34) dF{x,t;(j){-,-)) ^ g{t)dG{x,(j){-,t)), xeQ,teR. 

Let us define now the correlation function ft, : R — > C by 



(6.35) hit) = ( G(0(.,t)) G(0(.,O)) )oq - ( G(<^(.,i)) )o« ( G(</)(.,0)) )a« . 

Then the variance of F{(j){-, •)) is given in terms of the Fourier transforms of g(-) 
and h{-) by 



3.36) varoQ[F(<^(-,-))] = T^ / |ff(C)|'/i(C) ^C 



1 

2^ 

Note that the function h{-) is real and non-negative. Observe next that h{t) can be 

written as an expectation with respect to the measure (|6.ip by using the operator 

d*d which occurs in (j6.7p . Thus we have that 

(6.37) 

h{t) = (e-'^*^*/2[G(0(.,O))-(G(<^(.,O))oJ[G(0(.,O))-(G(0(.,O))oJ)op, i > 0, 

with a similar formula for t < Q. For C S R let u(C, (/)(•)) be the solution to the 
ehiptic PDE 

(6.38) [d*d/2 + zC] u{C, 4>{-)) = [G(0(-)) - (G(<^(-))ng] , ^ : Q ^ R. 
We conclude from (|07l) . ([08| that 

(6.39) MC) = ([G(0(.,O))-(G(0(.,O))oJ [^(C,0(-,O))+ii(-C,0(-,O))])o« . 

If we apply the gradient operator d to (|6.38p we obtain the equation 
(6.40) 

[d*d + 2iC + V*V"{V4>{-))V +m'']du{-X,^{-)) = 2dG(-,0(-)), 4> : Q ^ B.. 

Hence (|09l) . (|O0| and the HS formula (|6T1) imply that 

(6.41) /i(C) = 4 X real part of 

( dG{-, 0(-, 0)) [d*d + V*r'(V0(-))V + m'Y^ [d*d + 2^C + V*F"(V(^(-))V + m^] "' dG(-, (^(•,0)) )n<5 
Just as (|6.6p follows from (|6.7I) . wc sec from (j6.4ip that 

(6.42) < Ho < -l(||dG(0(.,O))f)oQ . 

It follows from (|06)) . ([OS]) that 

4 



(6.43) varo«[F(0(.,.))] < — (||rfG(., 0(., O))!^)^,^ / |5(t)P di. 
Since from (j6.34p the inequality (|6.43p can be rewritten as 

(6.44) varo«[F(0(.,.))] < ^(||dF(., •; 0(-, •))ll'>n« , 



rrr 



we have obtained a Poincare inequality for functions F[(j){-, •)) of time dependent 
fields which are of the form (|6.33p . We generalize this as follows: 
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Lemma 6.1. Let F[(j){-, •)) he a hounded function of continuous in time fields (f> : 
Q X R — > R which is C^ with respect to the L^{Q x R) metric, and assume that 
the field derivative function dF(-, ■,4>{-, ■)) with range L^{Q x R) is also bounded. 
Then the inequality \6.44^ holds. 

Proof. Let T > be large and consider F{to^t'P{'7 0) ^^ ^ function of solutions 
(j>{x,t), X ^ Q,t > 0, to the stochastic equation (|6.3p . By the chain rule we have 
that 

(6.45) DM.iF{x,t;To,T(l){;-)) = 

/•OO 

y^ / ds dF(y, s;To.T0(-,-))^Mai0(a;,t;y,T + s) , xeQ,t>0. 

It follows then from (j6.17|l that 

(6.46) DM.iFix,t;To,TH-,-)) = 

Y, / ds dF{y, s; ro,T0(-, •)) e''-^"^^+'-''>/^G{x, y, t, T+s, 0(., •)) , xeQ,t>0. 

Hence we have that 

(6.47) Y. dt\DM.iF{x,t;To,TH;W = 

2 ^ / dtds ds' e-™'(^+^-*)/2e-™^(^+«'-*)/2;,(^^ s)W^) , 

where 

(6.48) hix, s) = Y. ^(^' 2/' ^' ^ + ^' '^(•' •)) dF{y, s; to,tH; •)) • 

yeQ 

It follows from (p:^ that 

(6.49) ^|/i(x,s)|2 < ^|dF(y,5;To,T0(-,-)l', 
xeQ yeQ 

and so we conclude from (|6.47p that 
(6.50) 

Y dt\DM.iF{x,t;To,T<l>{-,W < —Y ds\dF{y,s;To.TH;-))\K 

Hence (I6J|), (|O0)) imply that 

(6.51) varnQ,Mai[J^(To,T0(-,-))] < -^{\\dFi;-,To.,T(b{-r)W)nQM.i ■ 

The result follows now by observing that the limit of the LHS of (|6.5ip as T ^ oo 
is equal to the LHS of (|6.44p . Similarly the RHS of (|6.5ip converges to the RHS of 
dSUl). D 

Wc shall show how the Poincare inequality (|6.44p can be used to improve the 
most elementary of the inequalities contained in §2. Thus let us consider an equation 
which differs from (|2.4ip only in that the projection operator P has been omitted, 
(6.52) 
77<I>(?,77,a;)+a$(^,,;,c.) + 5|a(w)95$(e,r,,a;) = -a|a(c.), r; > 0, ^ e R', ^ e ^i. 
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For any v £ C^ we multiply the row vector (|6.52p on the right by the column vector 
V and by the function ^{^,ri,uj)v on the left. Taking the expectation we see that 

A|«| 



(6.53) \\Pd^^C,v,-)v\\ < \\d^H^,Tj,-)v\\ < ^ ■ 

where || • || denotes the norm in n{n). Let .g : Z^ x R ^ C^ «> C* be in LP{Z'^ x 
R, C* (g) C*) with norm given by (j?^ . li p = 1 then (p35)) implies that 

(6.54) IIP 5^ r dt g{x,t)d^<Pitv,r.,~f)v\\ < ^\\gh . 

The Poincare inequality (|6.44p enables us to improve (|6.54p to allow g G U'{7fi x 
R, C^ (g) C*) for some p > 1. 

Proposition 6.3. Suppose a(-) in ^6. 52\} is as in the statement of Theorem 1.2. 
Then for ^ G R'^, SRjy > 0, there exists pq{K/X) depending only on d and A/A 
and satisfying 1 < po{K/\) < 2, such that for g e LP(Z'^ x R, C' (g) C'') with 
1 <P<Po(A/A) andv G C, 

(6.55) \\PJ2 r dt gix,t)d^<Pi^,r,,r,,.r)v\\ < ^/".HJ qWp , 

where Ai is the constant in Theorem 1.2 and C depends only on d and A/A. 

Proof. We shall first assume that <?(•,•) is continuous in time and has compact 
support in Z'* x R. For a cube Q such that Q x R contains the support of g (•,•), let 
$Q(f , 77, •) be the solution to (|6.52p with a(^) = a((/)(0, 0)), ^ G Slg, so the random 
environment for (j6.52p is {Q,q^Fq,Pq). The inequality (|6.44p implies that 

/oo 
dt g{x,t)d^^£„rj,T^^^f)vf < 
. -00 

"^^ II t:^;^^ E / ^* 5(a^,i)ac*(^,r;,r,,_,.)i'|P , 



KfEZ'' 



4 ^00 



where we are using the notation 9/9(?!)(z, s)F{(j){-, •)) to denote the value of the field 
derivative dF{z, s; (/>{■, •)) defined by (|6.32p of a function F{<f){-, •)) at {z, s). 

Translation operators r^^t, x G Z'^,t G R, act on functions Fq : fig -^ C 
by Tj. tFQ(0(-, •)) = FQ(rj. t0(-, •)). We shall also need to use translation opera- 
tors Tx^t, X G Z'^,t G R, which act on functions Gq : Q x R x VLq — s- C by 
Tx.tGQ{z, s; (/){■, •)) = Gq{z + x,s + t; (j){-, •)), so T^^t acts on the first two variables 
of Gq{-, ■;(!){■, ■)). The operators r^.t, x G Z'^jf G R, act on the third variable of 
Gq{-, •; (/)(•, •)), and it is clear that they commute with the T^^t: x G Z'', i G R. Let 
Fq : Q,Q — > C be a function which is C^ with respect to the L^(Q x R-) metric as 
in Lemma 6.1. One easily sees from (|6.3ip . (|6.32p that 

(6.57) d[Tx^tFQ] = T.x,-tTx,tdFQ, a; G Z^ t G R, 

whence it follows from (|2.ip that 

(6.58) 

d[dj,^Tx,-tFQ] = [e-'"-«r_e,,oTe,.o-l]r_,,tT,,_tdFQ, 1 < J < d, x G Z'^, i G R. 

Hence if we define a function Gq : Q x R x 51q — > C by 

(6.59) Gq(2/, r; (/.(.,•)) = e-'^-«dFQ(-2/,r;r^,_,(^(-,.)), y G Q, r G R, 
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then (|6.58p implies that 
(6.60) 

d[dj.^T,.-tFQ]{z,~s;<j>{-,-)) = £'("-")•« VjGQ(x-z,i-s,r,,_,</.(-,-)), 1 < j < d, x,z e Z'^, t,s eK. 

On taking FQ{(f){-,-)) = $q(^,77, 0(-, •))« and defining Gq by (|6.59p . we conclude 
from (j6.60p that (j6.56p is the same as 



/oo 
dt g{x,t)d^<^Q{^,ij,T,,.f)v\\^ < 

A /*00 /'OO 

We can find an equation for Gq(-, •; (/>(•, •)) by applying the operator d/d4){-, ■) 
to (|6.52p . To see this let h G L'^{Q xH) be C^ as a function of time and of compact 
support. Then (|6.52|) holds for w = 0(-, •) and w = </)(•, •) + eh{-, •). On subtracting 
the equations (|6.52p for the different values of w, dividing by e and letting e -^ 0, 
we have from (|6.3ip . (|6.32p that the first term on the LHS of (|6.52p converges to 
ri[d^{£,, r],(j){-,-))v,h] = rjldFq {</){■, ■)),h]. To find a similar expression for the limit 
as e — > of the second term on the LHS of (|6.52p . we observe that for S > 0, 

.gg2) hm ^Q(^°.^['^(-' •) + ^^(•' •)]) ~ FQi^o,sH: ■)) ^ 

[dFQ{To^s(l){-,-))iTo^sh] = [To _A-dFQ(To,50(-, •))>'»] • 

Hence, assuming one can interchange the limits e -^ and (5 — > 0, we see from 
()6.62p that the second term on the LHS of the difference of the two equations 
(j6.52p converges to 

To,-^dfQ(To,^</>(-,-))-dfQ(0(-,-)) 



(6.63) lim 



(5-i.O 



,h 



[DodFQi<j,i;-)),h] 



To find the limit as e ^ of the term on the RHS of (j6.52p we use the fact that 

Si{4>{-, •)) — a(0(O, 0)). Thus we obtain the expression 

(6.64) 

a|a(<^(.,.))t'-a|a(0(.,.)+£M-,-))« ,^,.,, ,r.~^Mnn^^^u 

hni^ ^ = -[DUS{-,-)Da{<l){0,0))v},h], 



e-^O 



where the operators D^ = (I?!,^, .., Dd,^) and Dt = {Dl ,, .., D'^ ,) are given by the 
formulae 

(6.65) Z?,, 4 ^ [e- '^^ -^T^e, ,oTe, ,o - 1] , ^*,5 = [e*"^ '^Te^ ,oT-e, .o - 1] , l<J<d. 

The function (5 : Q x R -> R in (|6.64p is the delta function, (5(0, t) = 5{t), S{z, t) = 
0, 2: 7^ 0, where 5{-) is the Dirac delta function. The limit as e — > of the third 
term on the LHS of (j6.52p can be expressed by a similar formula. Thus we have 

(6.66) 

a|a(0(., •) + eh{; ■))d^<^{^, r;, 0(., •) + eh{; ■))v ~ a|a(0(., ■))d^^{i, ij, 0(-, ■))v 
hm ^ ^ 

E->-0 s 

= [Dlki(b{0,0))D^ dFQicj^i;-)) + Dl{Si;-)Dk{(biO,0))d^FQ{(bi;-))},h] ■ 
It follows from (I6.52p and (|6.63p - (j6.66p that dFQ{(f>(-, •)) satisfies the equation 

(6.67) r,dFQ{cl>i;-)) + DodFQ{(j>{;-)) + Dlai^iO,0))D^ dFQ{cj>{;-)) 



ry^(y,r;0(.,.))-^^^^^f^^+AV;V,u(y,r; </>(,.)) = AV;g(y, r; </)(, •)) 



38 JOSEPH G. CONLON AND ARASH FAHIM 

= -Dl[6i;-)DkW0,0)){v + d^FQicj,i;-))}] . 

Evidently for any {y,—r) G Z"^ x R we can replace (/>(-, •) in (I6.67P by Ty-r4'[-, ■). 
If we now evaluate ()6.67p with ry_„r'/'(', •) substituted for </)(•, •) and with the first 
variable of cIFq^-, ■]Ty^-r4>{-, ■)) equal to —y and the second variable equal to r, we 
obtain an equation for the function Gq{-, •; (/)(•, •)) of (|6.59p . 

(6.68) r^GQiy, r; 0(., •)) - ^^Q^y^^^^'^'^^ + v;&(,^(y, -r))VyGQ{y, r; <j>{-, •)) 

= -y;[e~^y<5{-y,T)Dk{c^{y,-T)){v + d^FQ{Ty,_A{-,-))}] • 

We define an operator T^ on functions g : Z** x R x O ^- C^ as follows: Let 
u{y, r; <f>[-^ •)) be the solution to the equation 
(6.69) 

du{y,r](j){-,-)) 
dr 

Then Trfg{y,r; (/){■, ■)) = Wyu{y,r; (/>{■, ■)), y G Z'^jT € R. It is easy to see that T^ 
is a bounded operator on L^(Z'' x R x fi, C*) with norm ||r,,|| satisfying |jT,,|j < 1. 
We can obtain a formula for T^ which is similar to (|2.45p . Thus we have that 

/•OO 

(6.70) T,g{y, r; <j>{-, ■)) = A e'^' dt ^ {VV*Ga(x, t)) g{y-x, r+f; 0(., •)) , 

with Ga(x, t) = G{x, At), a; e Z"^, t > 0, and G(-, •) the Green's function ^ZM- We 
can similarly define operators T,^.q on periodic functions gg : Q x Rx il — > C* by ex- 
tending gq periodically to the function gq : Z'' x R x 51 — > C^ and setting Trj^ggg = 
Tngq. If we now take gq to be given by the RHS of ()6.68|) . so Agq{y,r;(j){-,-)) = 
e-^y<5{~v, r)Dk{^{y, -r)){v+d^Fq{Ty^_r^{-, •))}, then T^,qgq{y, r; 0(., •)) = e^''hq{y, r; 0(., •)) 
where 

(6.71) 

hq{y,r-(p{-,-)) = ^ e-^(^+"^)-« {VV*GA(y + ni, -r)} Z?a(</)(0, 0)){z;+a5FQ(0(., •))} , 

neZ"* 

if y e Q, r < 0, /iQ(y, r, 0(-, •)) = if y e Q, r > 0, 

where L is the length of the side of Q. 

We can rewrite (|6.68p using the function hq of (|6.7ip . Thus let WQ(y, r; 0(-, •)), y € 
Q, r e R, be the solution to the periodic equation (|6.69p with g = gq- Then (|6.68p . 
(|6.69p imply that vq = Gq + uq is the solution to the equation 

(6.72) r^vqiy, r; 0(., •)) - ^^'Q(^^'^^^'^(-' ')) + w;k{^{y, ^r))WyVq{y, r; cb{; •)) 

= -e^^AV;[h{^iy,~r))hq{y,r;4>{;-))], 

where a(-) = A[/d - b(-)]. It follows from ((^3^ that d^Fq{(l){-,-)) is in n{n) 
and ||55FQ(<?i(-,-))|| < A|i;|/A. Since |VV*GA(x,i)|, x G Z'',i > 0, is bounded by 
l/(Ai+ 1) times the RHS of (piTj) . it follows from ((gTT|) that /ig is in L'^{Q x 
R X fi, C'') and \\hq\\ < C\/AAi\v\/\, where G is a constant depending only on d, 
and Ai is the constant in the statement of Theorem 1.2. Since from (|6.72p we see 
that IJVwqII < A\\hq\\/\, we conclude that \\\7Gq\\ < GAi|w|(A/A)V\/A. It follows 
now from (|6.6ip and Young's inequality that (|6.55p holds for p = 1 provided we 
can show that the LHS of (f63T|) converges as Q ^ Z'' to the LHS of ([635]) . To 
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see this note that we are assuming that the function g{-, ■) in (|6.6ip has compact 
support and that Jftyy > 0. Hence we can use the perturbation expansion obtained 
from (|2.12p and Proposition 6.1 to prove the convergence. 

We can also show that the RHS of (|6.6ip converges as Q — > Z*^ by generating the 
function WGq from a perturbation expansion. Thus let B : Z^ x R x il ^ C^ (E) C^ 
be defined by B(y,r; 0(-, •)) = b(0(y,-r)), y € Z'*,r e R. It follows from ([6?69| . 
(|6.72|) that Vwq is the solution to the equation 

(6.73) Vz;q(-,-;0(-,-)) = T„q[B(., •; 0(-, •)){Vz;q(-, •; 0(-, •))-e"'/iQ(-, S '^(•, •))}] • 

Since g S L-^{Z'^ x R) it follows by the uniform in Q estimates of the previous 
paragraph that it is sufficient to prove convergence as Q — > Z^ for any finite number 
of terms in the Neumann scries expansion of (|6.73p . The convergence for a finite 
number of terms follows from Proposition 6.1 using the fact that the function g{-, •) 
in ()6.61|) has compact support and that ^rj > 0. We have shown now that 



/CO 
dt g{x,t)d^<!>{^,V,T,,.f)v\\^ < 
, ., ,, -oo 

A /.OO /.oo 

^rzH •^— OO y-r^rl -^ — OO 

where VG = Vi' — h with 

(6.75) /i(y,r;0(.,.)) = {VV*GA{y,~r)r Dai^iO,0)){v + d^FQ{(j>i;-))} , 

if yGZ^ r<0, h{y,r,^i;-)) = if y G Z^ r > 0, 

and Vw is the solution to the equation 

(6.76) Vvi; •; 0(., •)) = r,[B(., •; 0(., •)){Vi;(-, •;</'(•, 0) " e'-''/j(., •;</'(•, •))}] • 

We can now easily extend the previous argument by using the continuous time 
version of the Calderon-Zygmund theorem, Corollary 5.1, to prove (j6.55|) for a 
range of p > 1. Define for g > 1 the Banach space L'(Z'* x R x fj, C^) of functions 
g : Z*^ X R X rj — > C^ with norm j|,gj|q given by 

(6.77) llyll^ = Y. r dt\\9iy,r;ct>{;-))\\\ 

where ||g(y,r; 0(-, •))|| is the norm oi g{y,r;(j){-,-)) £ 'H(Sl). By following the ar- 
gument of Lemma 5.2, we see that T^ is bounded on L''(Z'^ x R x UjC^) for 
q > 1 with norm ||T^||q < 1 + S{q), where limg_>2 (^(g) = 0. Noting that \\h\\q < 
CgA^~-^/'Ai|i)|/A for a constant Cq depending only on d, q, we conclude from (j6.76p 
and the Calderon-Zygmund theorem that there exists qo{A/X) < 2 depending only 
on d,A/A, such that VC? is in L«(Z'' x R x n.C^) for go(A/A) < g < 2, and 
||VG||g < CA^^/'Ai|w| where the constant C depends only on d, A/A. The inequal- 
ity (|6.55[) with p = 2q/{3q — 2) follows from (|6.74[) and Young's inequality. D 

In order to establish Hypothesis 4.2 for the massive field theory environment 
(51, J-", P) we shall need a refinement of the Poincare inequality (|6.44p . We can sec 
what this refinement should be by considering again functions of the form (|6.33p , for 
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which (|6.36p and ()6.41|) hold. It fohows from (|6.41|) that h{() satisfies the inequahty 

(6.78) <MC) < ^4 + 4^2 (IMgW^0))ll')"Q • 

Substituting the RHS of (|6.78p into (|6.36|) we obtain the inequahty 
(6.79) 

1 /'OO /'OO 

varo^[F(0(,.))] < — / / 5(i)^e— 'l*-^!/^ dt ds (|ldG(0(., O))!^)^^ 
< 



(6.80) varoQ[F((/)(.,.))] < ,,,_,,„J I.9ll'(II^G(0(-, 0))ll'^ 



-^ / \gitr dt (||dG(0(.,O))r)o« = (||dF(.,.;0(-,-))lr>o« . 

Observe now that the first integral on the RHS of (|6.79p can be written as a con- 
volution [g,f*g] where /(t) = m~^e~"^ W/^^ t e R. Hence it follows from Young's 
inequality that for 1 < p < 2, 

C 

where ||.g||p denotes the L^ norm of g(-) and C is a universal constant. The Poincare 
inequality ()6.44p only implies ()6.80p for p = 2. 

We shall also need a continuous time version of Corollary 5.1, as we already did 
in the proof of Proposition 6.3. Thus let T^ ,, act on functions g : Z'' x R — > C* as 

/•OO 

(6.81) T^^^g{y, r) = A / e""* dt ^ {VV*Ga(x, t)} ^'^<g{y -x,r + t). 

Comparing the operator Tj_^ of (|6.8ip to the operator r^_^ of (|5.2p . we see that 
one can easily extend the argument of §4 to obtain a continuous time version of 
Corollary 5.1: 

Corollary 6.1. For {(,,r]) satisfying the assumptions of Lemma 5.2 the opera- 
tor Tj,^ of [Ml]) IS bounded on W{Z'^ x R) for 3/2 < p < 3, and ||Tj,^||p < 
[1 + 5{p)] (l + G2|3^P/[3?7?/A]), where the function 5{-) depends only on d and 
limp_^2'5(p) = 0. 

Proof of Hypothesis 4-2- We shall first prove Hypothesis 3.2. We assume g : Z"^ x 
R — )■ C^ ® C^ has compact support and for A: = 1,2, ..., denote by ak{g,£,,r]) the 
random d x d matrix 

/OO 
dtg{x,t)T,,.tPh{-)[PT^,,M-t'' ■ 

Evidently Hypothesis 3.2 will follow if we can show there is a constant C such that 

OO 

(6.83) ^||afe(5,e,^?)«ll < C||g||p|«| ior 1 < p < po{A/X), v e C^. 

k=l 

We establish (j6.83p by obtaining a bound \\ak{g,^,r])v\\ < Ck\\g\\p\v\ where Ck 
decays exponentially in /c as fc — >■ oo. 

In the case k = I we have from the Poincare inequality (|6.44p that 

4 f°° 

(6.84) \\a,ig,^,rj)vf < —J2 dt \\g{x,t)Dhi(j,iO,0))vf 
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/2Ai ^ ^ 

We also have that 01(5,^,77) = g{A, B)Ph{-), where g is the Fourier transform 
(|2.46p of g and A,B are the self- adjoint operators (|2.48p . (|2.49p . Hence we have 
that ||ai(g,^,77)w|| < ||(7||i|w|- We conclude therefore from ()6.84p and the Riesz- 
Thorin interpolation theorem [30] there is a constant Ci such that \\ai{g,£^,ri)v\\ < 
Ci\\g\\p\v\i0Tl<p<2. 
When k > 1 we write 

/oo 
dtg{x,t)T,^^M-)diPk{H-r)) , 

:EfcZ," -°° 

where the functions Ffc(0(-,-)) arc defined inductively. For ^ G R'' the i^fc(0(-,-)) 
satisfy the recurrence equations 

(6.86) [ii + d]F2{(t>{;-))+^dld^F2{H-r)) = APa|[b(^(0,0))«] , 

[v + d]F,{cf>{;-))+Adld^Fk{(P{;-)) = AP9|[b(0(O,O))94Ffc_i(0(.,.))] if fc > 2. 

The Fk{4>{'r)) for ^ G C* arc defined by analytic continuation from the values 
of Ffc(0(-,-)) when ^ G R'^. Similarly to (|6.59p we define for fc > 2 functions 
Gk ■■Z'^ xRxn^Chy 

(6.87) Gk{y,r;cb{;-)) ^ e-''y<dFk{^y,r;Ty^^rH;-)), 2/ e Z^ r G R. 
Then from (|6.86p we sec that the Gk{y, r; 0(-, •)) satisfy the equations 

(6.88) 

77G2(y,r; </>(., .))-^^^^^^^^^^+AV;V,G2(2/,r;0(.,.)) = APW;[e-^y<6{-y,r)Dh{<l>{y,-r))v] 

r;G,(y,r;0(.,.))- ^^'^%';'^^"'^^ + AV;V,G,(y, r; ^(-^ ■)) = 

APV;[e-'^-«<5(-y,r)Z?b(</)(y,-r)))a5Ffc_i(T,._,</)(.,.))+b(0(2/,-r))V,Gfc_i(y,r; </)(.,•))] if fc > 2. 

Instead of estimating the norm of the function ak{gT^,r])v of (|6.85[) directly by 
using the Poincare inequality as in (|6.6ip . we begin with the Clark-Okone formula 
(|6.9p . Let 0(-,t), i > 0, be the solution of (|6.3p with initial condition (/>{■, 0) = 0. 
We extend the function ^(-ji) to t < by setting (f>{-,t) = for i < 0. It is then 
easy to see that 

(6.89) \\ak{9,i,v)v\\^ = lim varj^^^Maii -ff(To,T</>(-, •)) ] > 

T— ^00 

where the function H{(j){-^ •)) is given by the formula 

/oo 
ds g{y,s)h{c^{y,-s))d^Fk{Ty^-s<f>{;-)) ■ 

We have now from (|6.45p that for x E Q, t > 0, the Malliavin derivative Dyis.\F[{x, t; ro,T0(', •)) — 
(Ti^t{x, t; (/)(•, •)) + a2,T{x, t; </>(•, •)), where 

(6.91) ai,T(x,t;,^(-,-)) = 

Y, f ds g{y, s)e-™'(^-*-^)/^G(a:, y, t, T-s, cp{; ■))Dh{<p{y, T-s))d^Fk{Ty^T-s<i^{; •)) , 
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witliG(-, •, •, •,(/)(•, •)) being the Green's function (|6.15p . The function (72, t (a;, i; 0(-, •)) 

is given by the formula 

(6.92) 

/OO 
ds g{y,s)h{cl){y,T - s))DM.i[d^Fk{Ty^T~,(j){-,-))] ■ 

It foUows from (|6J]) that 

1/2 



(6.93) \\ak{g,C,v)v\\ < lim 

I — )-oo 



lira 



^ / dt\{ ai,T{x,t; (/){■,■)) I Tt )nQ.^ 
V / dt\{ a2,T{x,t; <!>{■,■)) I J"t )f2Q,M,J 



1/2 



To estimate the first term on the RHS of (|6.93p wc argue as in Lemma 6.1. Thus 
from (|6.9ip we have that 



/•OO 

(6.94) ^ / dt\ai,T{x,t; </>{;■)) p = 



xec 



2 V / dtds ds' e-™'(^-*-^)/2e-"'(^-*-^')/2/i(a;, s) ■ h(^;F) 

lo<t<T-s<T-s' 



where 
(6.95) 

h{x,s) = Y.G{x,y,t,T - s,(l){-,-))9{y,s)Dh{cl){y,T - s))d^Fk{Ty,T-sH-r)) ■ 
yeQ 

It follows from ([05)1 that 

(6.96) ^|Ma;,5)P < Y.\9iy^^)DHHy,T~s))d^Fk{Ty.T-scl^{;-))W 

xGQ yeQ 

and so we conclude from (|6.94p that 
(6.97) 

/•OO 1 nOO /"OO 

V/ dt |ai,T(a;,t; </-(•,•)) P <— / / dsds'e-'"'l^-^'l/2fc(s,To,T0(-,-))fc(5',To,T0(-,-)) 

.6Q-^0 "^ Jt-TJt-T 



The function /e(s, 0(-, •)) is given by the formula 
(6.98) 



fc(s,^(.,.)) 



J2\9iy,s)Dhi(j^iy,-s))d^F,iTy.^.,^i;-))\' 
yeQ 



1/2 



|.g(-,s)||2fci(s,0(-,-)), 



where \\g{-, s)||2 denotes the L- norm of the dx d matrix valued function g{y, s), y e 
Z'^. Observe next that (|6.97p . ()6.98p and the Schwarz inequality imply that 
(6.99) 

J2 dt\a,.Tix,t;H-r))\' <— / ds ds' e-'^-'^^-^'^/^g{;s)hM;s')hhis,To,TH-r)f 
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Hence on using the fact that for any s G R, one has 



(6.100) lim (A:i(s,ro,T0(-,-)) )f 



< 



T^ 



A2 



|9^Ffe0(.,.))no« , 



where the constant C depends only on d, we conclude as in the argument showing 
(|6.80p that for 1 < p < 2 there is a constant C depending only on d such that 



/•OO 

3.101) hm Y. dt\{ a,^T{x,t;cl>{;-)) \ Tt )n«,M.J' < 



kSQ' 



l5(-,s)|l5 ds 



2/p 



|5^F,0(,.))|^)n, 



Q ■ 



From (|6^ we see that for ^ G R"* 

(6.102) (|5,^fc(0(-,-))no« < (l-A/A)2(^-i)|«|\ 

and so ()6.10ip implies that for ^ G R'' the first term on the RHS of (|6.93p is bounded 

as 

(6.103) 

lim ^y^ di|(ai.T(a;,i;^(.,.))|-F*)n«,Mj' < |^^-^|1,9(-, OIIp (1 - A/A)'=-i|t;| 



T->. 



2:eQ 



where the p norm of (7(-, •) is given by (|3.8p . 

We can estimate the second term on the RHS of (|6.93p by following the argument 
of Proposition 6.3. Thus we have that 



'Q,Mal I 



/•CXD 

(6.104) lim V / d< |( a2,T(a:,i;0(-,-)) I ^t )s 

A /'OO / /'OO 

— E/ ^M E/ rfiff(2;,i)b(0(x,-i))e^(^-^)-«VGfc(x-z,i-.s;T,,_,c/.(.,.)) 

/OO 
dt g{x, t) h{4){x ~z,s- t))e'^''-''><VGk{x -z,t~s; 0(-, •)) 
xe^" -°° 

where we have used the invariance of the operators t^^-s, z G Zi'^,s G R, on 
{^Q, J^Q, Pq)- As in Proposition 6.3 we are justified in taking the limit Q — > Z'' in 
§JU^, and hence ^Ml, dSHQl), ([OSl imply that VG'2(-, •; </)(•, •)) is given by the 
formula 

(6.105) VG2(2/,r;0(-,-)) ^ Ae^-VS/*GA{y,-r)P[Dh{cb{0,0))v] , 

if y G Z^ r < 0, VG2(y, r; </>(•, •)) = if y G Z^ r > 0. 

We similarly have that for fc > 2 
(6.106) 

VGfe(y,r;0(.,.)) = e'"^/^fc(y,r; ,/)(•,•))+ PT,[B(., •;</'(•, •))VGfc_i(-, •; <^(-, •))] , 
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where the function B(-, •; </){■, •)) is as in (|6.73p and 

(6.107) /ife(y,r;0(.,.)) = AVV*GA(y, -r)P[i?b(0(O, O))9^Ffc_i(0(., •))] , 

ifyeZ^ r<0, hk{y,r;cl>{-,-)) = if y G Z^ r > 0. 

Defining the function ^fc : Z'^xRxO ^ C* by Afe(y, r; 0(-, •)) = e*^'^VGfc(y, r; 0(-, •)), 
we see from (|6.106p that for fc > 2 the function Ak{-, ■;(!>{■,■)) satisfies the equation 

(6.108) Afe(.,.;0(-,-)) = Dk{;-,<Pi;-))+PT^^^[B{;-;(t>{;-))Ak-ii;-;(t>i;-))], 

where Dk{y,r;(j){-,-)) = e*^'5+''''/ifc(y,r; (/>(•, •)) and from (|6.70p it fohows that the 
operator T^^,, is given by (|6.8ip . 

Just as in Proposition 6.3 we see that if || • ||g denotes the q norm (|6.77p then for 
^ G R'' and 1 < (? < 2 
(6.109) 

11^211, < CqAi\v\/A^/\ \\Dk\\, < Cqil-X/Af-^Ailvl/A^/" for fc > 2, 

where the constant Cq depends only on d, q and diverges as q ^- 1 . It fohows 
then from (|6.108p . (|6.109p that for ^ e R'' one has the inequahty ||Afc||2 < Cfc(l - 
A/A)'^^^Ai|u|/A^/^ for some constant C depending only on d. We can extend this 
inequality by using Corollary 6.1. Thus for (^, 77) satisfying the conditions of Lemma 
5.2 for sufficiently small constant Ci depending only on d, there exists go (A/A) < 2 
such that for some constant C depending only on d, A/A one has the inequality 

(6.110) \\Ak\\g < Ck{l-X/A)''-^l + C2m\y[^v/A]f'^Ai\v\/A^/'^ for fc > 2, 

provided go(A/A) < q < 2. We can bound now the RHS of (|6.104p in terms of ||g||p 
with p = 2g/(3q — 2) by using (|6.110p and Young's inequality. If we combine this 
with the inequality (|6.103p then we conclude from (|6.93p that 

(6.111) \\ak{g,^,v)v\\ < -^-^||g(., .)||p (1 - A/A)^-i|«| 
■ ^''^' hi; OIIp (1 - A/A)'^-^ (1 + C2m\'mv/Af-' \v\ . 



m2A3/2-i/p' 

Evidently the inequality (|6.11ip implies that (|6.83p holds provided {£,, t]) satisfy the 
conditions of Lemma 5.2 for sufficiently small Ci depending only on d, A/A. Re- 
stricting ^ to be in R" then p.9p follows, and hence we have proven that Hypothesis 
3.2 holds in the massive field theory case. 

To complete the proof of Hypothesis 4.2 we first observe that the above argument 
immediately applies to the situation where the functions g2, ■■, dk are delta functions 
gj{x,t) = 6{x — Xj,t — tj), j = 2, .., fc. The inequality (|4.72p then follows for general 
52, --iSfc S i^(Z'' X R, C* ® C^) from the triangle inequality. D 

Acknov^rledgement: The authors would like to thank Tom Spencer for helpful 
conversations. 
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